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We show that wave functions in a two-dimensional~2D! electron system with spin-orbit coupling can be
characterized by a topological quantity—the Chern integer due to the existence of the intrinsic Kramers
degeneracy. The localization-delocalization transition in such a system is studied in terms of such a Chern
number description, which reproduces the known metal-insulator transition point. The present work suggests a
unified picture for various known 2D delocalization phenomena based on the same topological characteriza-
tion. @S0163-1829~96!51140-9#

The metal-insulator phase transition problem in two di-
mensions has attracted a lot of attention in recent years. With
time-reversal and spin rotational symmetries, all states in a
two-dimensional~2D! noninteracting electron system should
be localized due to disorders, according to the Anderson
localization.1,2 In contrast to such so-called orthogonal sys-
tems, extended states exist in quantum Hall effect~QHE!
systems3,4 to carry current going through whole samples.
These systems in which the time-reversal symmetry is bro-
ken by external magnetic fields are known as the unitary
class. There are still on-going debates5–7 about whether
localization-delocalization transition could happen in a
random-magnetic-field case. For a time-reversal invariant
spin-orbit coupling system, analytic and numerical
studies8–10 have been given consistent conclusions about the
existence of a metal-insulator transition in this so-called
symplectic class.

These 2D quantum systems have been classified as three
different universality classes,11 namely, orthogonal, unitary,
and symplectic, in terms of symmetries of Hamiltonians. It is
generally believed that symmetries of these systems may
play important roles in determining different localization-
delocalization properties. But it is an interesting open ques-
tion whether 2D localization-delocalization transitions in dif-
ferent symmetry classes are intrinsically different, or whether
all of them ~both unitary and symplectic classes! are due to
the same universal reason.

In the presence of magnetic fields, Thouless and
co-workers12 and others13,14 have shown that the delocaliza-
tion property of a wave function is well characterized by its
associated Chern number~which is equal to the quantized-
Hall conductance in the unit ofe2/h). As a topological in-
variant integer, the Chern number represents a nontrivial to-
pology of wave function. It has been shown14 that nodes of
an eigenstate wave function with nonzero Chern number can
move freely to cover the whole real space when one continu-
ously changes the boundary condition. Thus a nonzero Chern
number describes the extensiveness of a wave function. In
contrast, a state with zero Chern number should always be
localized in two dimensions due to Anderson localization.12

Numerical calculations15 based on Chern numbers have ex-
cellently verified the localization-delocalization phase dia-
gram in the QHE system. In random-magnetic-field systems,
even though the total Hall conductance becomes zero on

average, the nonzero Chern integer~or quantized Hall con-
ductance! for single-electron states can still exist, and re-
cently a metal-insulator transition has been revealed7 numeri-
cally in terms of the classification of Chern integers.

It is natural for one to ask if the delocalization property in
spin-orbit coupling systems can be similarly understood in
terms of such a topological description. Without uniform or
random magnetic field, one may expect a zero Chern number
and thus a trivial topology for wave functions in their param-
eter space. However, this is not necessarily correct. Accord-
ing to Berry,16 when one adiabatically changes a wave func-
tion in its parameter space, the Berry phase of the wave
function can exhibit a monopolelike topological structure if
there is a twofold degeneracy. In the spin-orbit coupling sys-
tem, there is a well-known twofold Kramers degeneracy of
eigenstates~even in the presence of random scattering! due
to the time-reversal invariance. In this paper, we analytically
show that such a degeneracy indeed leads to a nontrivial
topological classification of wave functions in a spin-orbit
coupling system which is essentially the same as in the uni-
tary class cases, and thus one can relate the delocalization
property in this system to its topological characteristics. Nu-
merically we demonstrate that a topological transition hap-
pens at the point where the density of nonzero Chern num-
bers become vanishing when the system is extrapolated to
infinity, and such a transition indeed coincides with the
known critical point of metal-insulator transition obtained
based on conventional numerical methods.10 Therefore, a
unified picture underlying the localization-delocalization
transition in 2D systems~both unitary and symplectic
classes! is established where all the delocalizations can be
essentially characterized by the same topological quantity—
the Chern integer.

We start with a tight-binding lattice model of noninteract-
ing electrons with spin-orbit coupling. The Hamiltonian is
defined as follows:10
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Here ĉi
15(ci↑

1 ,ci↓
1) are fermionic creation operators, witht

as the nearest-neighbor hopping integral andV as the
hopping-spin-flipping~i.e., spin-orbit coupling! term. The
strength of spin-orbit coupling is represented by a dimen-
sionless parameterS5V/At21V2. And wi is a random po-
tential with strengthuwi u<W/2 (W is adjustable!. For sim-
plicity, we assume no correlations among different sites for
wi ~i.e., white noise limit!. Such a system will be studied
under a generalized boundary condition:Ĉ( i1L j )5
eiu jĈ( i ) with square lattice widthL15L25L and a total
number of lattice sitesN5L3L ~hereĈ includes two spin
components andj51,2 representx andy directions, respec-
tively!.

Eigenstates ofH may be regarded as functions of bound-
ary phasesu1 and u2, and the topological property of each
eigenstate~labeled bym) can be characterized in terms of
relations withu1 andu2 through the Chern integer defined as
follows:12–14
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1~u1 ,u2 ; i !

]u2
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and the area integral in Eq.~2a! covers a 2p32p unit cell
in the u space. The Chern numberC(m) in Eq. ~2a! can be
shown12,13to be an integer. Naively one would expect a zero
Chern numberC(m) for a system with time-reversal symme-
try, sinceC(m) is proportional to a Hall conductance as men-
tioned earlier. In fact, one would see cancellation in Eq.~2!
due to the symmetry in wave functionĈ:

S C↑~u1 ,u2 ; i !

C↓~u1 ,u2 ; i !
D 5S C↓* ~2u1 ,2u2 ; i !

2C↑* ~2u1 ,2u2 ; i !
D ,

which reflects the time-reversal invariance of the original
Hamiltonian. However, in the spin-orbit coupling case, there
is always a twofold degeneracy~Kramers degeneracy! in
Hamiltonian ~1! at boundary conditions withu1, u25p3

integer.10 Both Ĉm and its time-reversal counterpart state are
degenerate and orthogonal here. Due to such a degeneracy,
derivatives in~2b! would become uncertain at the degen-
eracy points and the contribution from these points needs
more careful examination.

In fact, the Chern integerC(m) is equivalent to a Berry
phase~divided by 2p) defined on a closed path along the
boundary of a unit cell,16 which may be converted to a sur-
face integration as in Eq.~2a! by Stokes theorem. Since each
degeneracy point in the parameter space will lead to a mono-
polelike singular contribution to the Berry phase,16 a 2D u
plane would cut right through such a singularity point. To
avoid this difficulty, one has to introduce a third parameter
e to deform the surface integral around the degeneracy

points. For example, we may add an infinitesimal term
Hp52e( i ĉi

1szĉi to the Hamiltonian. Then the surface
integration in Eq. ~2a! is understood as the one in a
three-dimensional parameter space (u1, u2, e) ~here e!
max(t,V,wi)/N so that it has no effect when one is suffi-
ciently far away from the degeneracy points!. Due to the
cancellation in the regions far away from the degeneracy
points, Eq.~2a! is then reduced to
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in whichSk (k5124) represent four small surface integrals
covering the degeneracy points~0,0!, (p, 0!, ~0, p), and
(p, p) within a 2p32p unit cell. The minimum size of
these areas is decided by the strengthe and the final result
should not depend one at e→01. One may find that this
regularization procedure resembles the one in a magnetic
phase transition where an infinitesimal external symmetry-
breaking field is usually introduced to lift the ground-state
degeneracy for a spontaneous magnetization. HereHp plays
a role to lift the Kramers degeneracy such that the hidden
topological characterization becomes explicitly shown~see
below!.

Denote each degeneracy point as (u1k
0 , u2k

0 ) (k5124)
and suppose that eigenstates are already known at these
points for a givene. Then one can determine eigenstates at
an arbitrary boundary phase (u1, u2), which is close enough
to (u1k

0 , u2k
0 ), by a perturbative method. The following pro-

cedure is similar to that in Ref. 17 in treating the level-
crossing problem. The change of the boundary condition
may be incorporated into the Hamiltonian as a perturbation,
and in terms of the complete set of basis obtained at
(u1 j

0 ,u2 j
0 ), such a change in Hamiltonian can be generally

written as

DH~u1 ,u2!5S 0 Dn*

Dn 0
D , ~4!

where 232 matrix elements are related to the~2n21!th and
~2n!th eigenstates~assuming an energy-increase order for all
the eigenstates!, which correspond to a pair of twofold de-
generate eigenstates ofH. The off-diagonal terms may be
expanded to a leading order of (u12u1k

0 ) and (u22u2k
0 ) ~if

the leading term happens to be zero, higher-order expansions
in DH(u1 ,u2) will be needed, and integer Chern numbers
can be similarly obtained17!. The general
form is Dn(u1 ,u2)5ak(u12u1k

0 )1bk(u22u2k
0 ) with

ak5(]/]u1)^C2n21(u1k
0 ,u2k

0 )uH1HpuC2n(u1k
0 ,u2k

0 )& and
bk5(]/]u2)^C2n21(u1k

0 ,u2k
0 )uH1HpuC2n(u1k

0 ,u2k
0 )&. By

diagonalizing the 232 matrix of the Hamiltonian for eachn,
we get the~2n21!th and~2n!th eigenstates at the boundary
phase (u1 ,u2) sufficiently close to (u1k

0 ,u2k
0 ). Then, accord-

ing to Eq. ~3!, the Chern numbers for the~2n21!th and
~2n!th eigenstates are given by the following integers:17

C~2n21!5
1

2(j51

4

sgn@ Im~a j*b j !#; ~4a!

C~2n!52C~2n21!, ~4b!
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whose values will not depend one501. $Here if
Im(a j*b j )50, we define sgn@ Im(a j*b j )#50 in ~4a!.%
Therefore, eigenstates in the spin-orbit coupling system can
be indeed classified in terms of nontrivial Chern integers,
and two degenerate eigenstates always have Chern numbers
with opposite signs such that the total sum of them~and the
sum of the Hall conductances! is still zero in consistence
with the time-reversal symmetry. Here each degeneracy
point gives rise to a contribution similar to a magnetic mono-
pole in unit strength 1/2 as originally discussed by Berry.16

Nonzero Chern integers have been used to characterize ex-
tended states in both the QHE and random-magnetic-field
systems.14,15,7,18By the same token, the delocalization prob-
lem in the spin-orbit coupling system should be similarly
described here, after the Chern-number classification of wave
functions is established. In the following, we shall use this
topological characteristics to determine the localization-
delocalization transition in the present system.

We define a density of statesrext(«,N) for the eigenstates
with nonzero Chern number at energy«. rext is related to the
density of states for extended states.15,7 Exact diagonaliza-
tion of H is carried out at four boundary conditions where
the twofold degeneracy happens, and then Chern numbers
are determined through formula~4!. The total density of
statesr(«,N) and the extended onerext(«,N) are calculated
as a function of lattice sizeN (N536, 64, 144, 256 and 576!,
which is averaged over random potential configurations
(100–5000 random configurations depending on sample
sizes! and also averaged over a small energy width
D«50.4AV21t2 in the neighborhood of energy« to reduce
statistical error. The ratiorext(«,N)/r(«,N) at the band cen-
ter «50 is presented in Fig. 1 with a log-log plot. Different
curves correspond to different random strengthW’s. The
spin-orbit coupling strengthS has been chosen to be
S50.5 with AV21t251 ~in order to compare with the re-
sults in Ref. 10!. The ratiorext(«50,N)/r(«50,N) mono-
tonically decreases as parameter W increases, which reflects
the fact that eigenstates become more and more localized at
stronger disorders. For smallerW (W53, 4, and 5 as shown

in Fig. 1!, the ratio rext(«50,N)/r(«50,N) shows a flat
curve with a slight increase at larger sample sizes, suggesting
that a finite value ofrext(«50,N)/r(«50,N) may be
reached if it is extrapolated to infinite lattice size. The trend
reverses at larger strengths of random potential, where the
ratio rext(«50,N)/r(«50,N) becomes monotonically de-
creasing with larger sample sizes. In fact, all the data at
W.5 shown in Fig. 1 can be nicely fit into a straight line,
which meansrext(«50,N)/r(«50,N)}N2x ~with x.0 to
be given below!. These finite-size scalings show that at a
sufficiently largeW, the density of states with nonzero Chern
number is always extrapolated to zero at large lattices. Simi-
lar to the cases in the QHE and random-magnetic-field sys-
tems, it means that all the eigenstates here have trivial topol-
ogy and should be localized.

The exponentx as a function of the disorder strengthW is
shown in Fig. 2. It is interesting to see that all data fall on a
straight line. Thus one can determine the critical strength of
disorderWc at xc50 by extrapolation in Fig. 2. HereWc
decides a topological phase transition point. AtW.Wc ,
rext;N2x→0 at N→`, while atW,Wc , rext→ a finite
constant at large lattice size. As has been known in the QHE
and random-magnetic-field systems, such a topological tran-
sition physically corresponds to a localization-delocalization
transition. In fact,Wc determined from Fig. 2 is approxi-
mately 5.6260.08, which is quite close to the value
Wc55.74 obtained by conventional numerical methods10

with much larger lattice sizes;643105 ~a slightly smaller
Wc in our result may be due to the fact that a finite energy
average around«50 is made in calculation which could
effectively lowerWc).

The above analytic analysis and numerical calculation
have shown that delocalization occurs in the spin-orbit cou-
pling case is basically the same as that in the unitary cases. It
suggests that all localization-delocalization transitions in 2D
noninteracting systems may be universally described as a
topological phase transition in terms of the Chern integer.
The conventional understanding of metal-insulator transition
based on symmetry classes of Hamiltonians may not be es-
sential. For instance, by applying a small but finite magnetic
field one may change a spin-orbit coupling system from sym-

FIG. 1. The ratio of the density of extended states over the total
density of states is plotted as a function of sample sizeN at energy
«50.W is the strength of random scattering. Error bars of the data
for W<5.0 are in the same order of magnitude as those for
W.5.0 but are not marked in the figure, for clarity.

FIG. 2. The exponentx vs the strength of random scattering
W. The data is extrapolated tox50, giving a critical strength
Wc55.6260.08.
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plectic class to unitary class by destroying the time-reversal
symmetry. We have checked this case numerically and
found19 no sudden change in the distribution of Chern inte-
gers~thus the topological transition!, which actually behaves
quite smoothly with small magnetic fields. This fact has al-
ready been noticed before in the behavior of localization
length.20 The universality has also been shown in the study
of the critical behavior of metal-insulator transition, where it
has been found21 that correlation dimensions of spectral mea-
sure D̃2 and fractal eigenstateD2 as well as exponenth
describing the energy correlations of the critical eigenstates
in the spin-orbit coupling system are very close to those
obtained for the QHE systems.22 Experimentally, both in ran-
dom magnetic field23 and spin-orbit coupling24,25 systems,
magnetoconductances are negative in the delocalized region
~here ‘‘delocalization’’ means the localization length is at
least larger than the sample size!, while positive in the local-
ized region. This common feature can be understood as that
in the delocalized region, a finite fraction of eigenstates carry
nonzero Chern number and magnetic fields suppress original
phase coherence and reduce the number of states having non-
zero Chern numbers.19 Thus the magnetic field plays a role
in reducing delocalization in the ‘‘delocalized’’ region and
leads to negative magnetoconductance. In the opposite case,
where original wave functions are topologically trivial, mag-

netic field will be in favor of delocalization to give rise to a
positive magnetoconductance.26 This explains why metal-
insulator transition is generally accompanied by a sign
change of magnetoconductance experimentally in spite of
different symmetry classes.

In conclusion, the localization-delocalization transition in
a spin-orbit coupling system is studied from a topological
point of view. It is shown that wave functions in this time-
reversal invariant system can be characterized by Chern in-
tegers as a result of the intrinsic Kramers degeneracy. We
have determined the critical strength of disorderWc for the
metal-insulator transition point at energy«50 based on such
a Chern-integer characterization, which is in excellent agree-
ment with earlier numerical works10 by localization-length
scalings. Therefore, various known localization-
delocalization transitions in 2D noninteracting systems now
can all be described in terms of a topological characteriza-
tion. Whether there is a far-reaching physical implication
behind it needs to be further studied.
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