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Topology of Electronic Charge Density and Energetics of Planar Faults in fcc Metals
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Using ab initio calculations we have studied the energetics and the evolution of the electronic charge
density with shear in three fcc metals exhibiting different deformation properties, aluminum, silver, and
iridium. The charge redistribution described by the change in character of specific charge density critical
points (cps), is ascertained from the values of the charge density, r0, and its three principal curvatures,
rkk , rhh , and ryy , respectively. The change in character of cps correlates with the energetics. For all three
metals, rhh vanishes near the unstable stacking configuration. The symmetry or asymmetry of the charge
redistribution, measured by rhh�ryy , may be an important factor determining stacking fault energies.
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The relationship between electronic structure and me-
chanical properties of materials has received considerable
attention, with emphasis on developing atomistic models
of fracture and deformation. Briant and Messmer [1] were
among the first to use electronic structure calculations
to investigate the effects of chemistry on the mechanical
properties of metals and alloys. In the intervening years,
considerable effort has been expended attempting to ex-
pand this work and provide an atomic level understanding
of mechanical behavior [2–18]. This effort has been es-
pecially concerned with uncovering the electronic factors
contributing to the competition between ductile and brittle
response, as brittle failure frequently limits the use of al-
loys possessing otherwise attractive properties.

Over the past two decades, the tools of electronic struc-
ture theory have advanced tremendously. Now it is pos-
sible to investigate many of the structures giving rise to
mechanical response (grain boundaries, planar faults,
dislocations, etc.) and to compute the ground-state and
thermodynamic properties associated with these structures
[2–18]. Though the energies of point, line, and planar
defects can now be computed, in some cases more accu-
rately than they can be measured, it has proven difficult
to assign these energy changes to specific changes in the
charge density. This is because the charge density is a
scalar field and changes in energy associated with a defect
or mechanical perturbation are necessarily the result of
changes to the whole field. We have sought to circumvent
this problem by seeking a correlation between changes
in the total energy and changes of the charge density in
the neighborhood of a finite number of points, namely the
critical points (cps) of the charge density.

In this work we employ ab initio calculations based on
the full potential linear muffin tin orbital method [6], to
study the energetics and the evolution of the electronic
charge density with shear in three fcc metals, aluminum,
silver, and iridium, exhibiting different deformation prop-
erties. The first two are prototypical fcc systems and
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as pure metals do not undergo cleavage fracture. These
metals have different intrinsic stacking fault energies, gis;
gis � 0.166 J�m2 in Al, about 6 times larger than that of
0.030 J�m2 in Ag [19]. On the other hand, iridium is an
anomalous fcc metal occasionally showing cleavage facets
on its failure surface, and is characterized by a large intrin-
sic stacking fault energy of 0.400 J�m2 [19].

Our analysis of charge redistribution is built on Bader’s
theory of atoms in molecules [20,21], where a relation
between the molecular and solid state structures and the
topological properties of the corresponding charge density
was established. The topology of any scalar field is given
in terms of its critical points, which are the zeros of the
gradient of this field. There are four kinds of cps in a three-
dimensional space: a local minimum, a local maximum,
and two kinds of saddle points. These cps are denoted
by the number of positive curvatures minus the number of
negative curvatures. For example, a minimum cp has posi-
tive curvature in three orthogonal directions. It is called a
�3, 3� cp, where the first number is simply the number of
dimensions of the space, and the second number is the net
number of positive curvatures. A maximum is denoted by
�3, 23�, since all three curvatures are negative. A saddle
point with two of the three curvatures negative is denoted
�3, 21�, while the other saddle point is a �3, 1� cp. Bader
realized that the classification of molecular charge density
in terms of the positions of its cps could be used to describe
much of what is considered chemical structure and bonding
[20,21]. The bond path, as an example, is seen as the ridge
of maximum charge density connecting two nuclei. The
existence of such a ridge is guaranteed by the presence of
a �3, 21� cp between the bound nuclei. This cp is referred
to as a bond critical point (bcp). Other types of critical
points have been correlated with other features of molecu-
lar structure. A �3, 1� cp is required at the center of ring
structures like benzene and is referred to as a ring critical
point (rcp). Cage structures are always characterized by a
single �3, 3� cp somewhere within the cage and again have
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been given the descriptive name cage critical points (ccp).
The cps can be classified into those of rank three which
are nondegenerate and stable and those of rank less than
three which are degenerate and inherently unstable. The
different types of structural changes that accompany the
formation of an unstable cp can be classified in terms of
its co-rank (number of zero curvatures) and the associated
codimension [20,21]. We assume that the energy changes
associated with shear are dominated by the breaking and
forming of bonds, which must necessarily be accompanied
by the vanishing and appearance of bcps. These in turn can
be ascertained by following the charge density and its three
principal curvatures at the cps through the distortion.

The shear process is produced by the relative translation
of two parts of a crystal through a fault vector in the �112�
direction [17,18]. We have used a supercell containing nine
layers in the [111] direction, multiple sets of energy pa-
rameters, and a k-point grid of �15, 15, 3� divisions along
the reciprocal lattice directions [6]. The three frames in
Fig. 1 show the configurations corresponding to (a) the fcc
structure, (b) the unstable stacking fault, and (c) the intrin-
sic stacking fault, respectively. Figure 1 restricts attention
to the breaking and forming interplanar bonds accompa-
nying the shear. The location of the cps associated with
these bonds is marked by circles in the figure. In Fig. 1a
the circle on the left marks a bcp while that on the right
marks a ccp, being located at the center of an octahedral
hole. At the end point of the distortion (Fig. 1c), the situ-
ation is reversed. The charge density at these points is
denoted by r0, while the principal curvatures are denoted
by rkk, rhh, and ryy. Here k denotes the direction paral-
lel to either the breaking or forming bond (note that this
direction changes through the distortion), hh is the �110�
direction (this is the out of page, hence “horizontal,” di-
rection in Figs. 1 and 3), and yy is the direction normal to
the plane formed by hh and the parallel component of the
forming or breaking bond (this direction lies in the page
of Figs. 1 and 3 and has a “vertical” component.)

Figure 2 shows the calculated change in the total energy
versus the shear displacement, normalized to the displace-
ment (a�

p
6 ) of the intrinsic stacking fault configuration

for Al, Ag, and Ir, respectively. Also shown as a function

h

v

(a) (b) (c)

FIG. 1. Configurations corresponding to (a) the fcc structure,
(b) the unstable stacking fault, and (c) the intrinsic stacking fault,
for the (111) slip plane and shear deformation along the �112�
direction. The solid (dashed) lines denote the breaking (form-
ing) interplanar bonds and the circles denote the corresponding
critical points. The h, y, and k directions are shown at a cp in
frame (c).
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of shear are the ab initio calculated r0, rkk, rhh, and ryy

at both the left (breaking bond) and right (forming bond)
cps in Fig. 1. The solid (dashed) curves denote the
breaking (forming) bonds. From this figure the nature
of the charge redistribution associated with shear can
be ascertained. First, we note that the redistribution of
charge density can be characterized by three distinct
regions. In the initial phase of the distortion, called
“initiation,” charge is lost from the bcp of the breaking
bond more rapidly than it is being accommodated in the
ccp of the forming bond. Inspection of the curvature
panel of Fig. 2 shows that the charge redistribution is
dominated by the rearrangement of charge around, rather
than between, the transforming bond and cage cps. In
the plane perpendicular to the forming bond, charge
flows toward the cp, causing the curvature in the perpen-
dicular directions to decrease while that in the parallel
direction increases. For the breaking bonds, the situ-
ation is reversed, with charge flowing away from the bcp
in the plane perpendicular to the bond. The initiation
region continues until the charge density in the horizontal
direction, i.e., perpendicular to the direction of slip and
parallel to the slip plane, becomes flat (rhh ! 0). This
marks the onset of charge transfer between the forming
and breaking bcps. We call this the “compensatory charge
redistribution” region. In all cases this region is bounded
on the left by the vanishing of rhh in the breaking bond
and on the right by its vanishing in the forming bond.

The vanishing of rhh at the bond and cage cps necessi-
tates the simultaneous vanishing of ring cps joined to them
by gradient paths lying along the h direction. Hence the
region of compensatory charge redistribution is marked by
a global flattening of the charge density along the h direc-
tion and passing through vanishing bond, ring, and cage
cps. The vanishing of the curvature in the h direction pro-
duces planes normal to the shear in which the Gaussian
curvature of the charge density vanishes. Figure 3 shows
the charge density in a plane perpendicular to the forming
bond near the region of compensatory charge redistribu-
tion. The flat charge density in the h direction is clearly
visible. It is in this second region of charge redistribution
that the unstable stacking configuration is encountered. It
is important to note that in the case of Ag and Ir the charge
density is also flat in the y direction (ryy ! 0) in this re-
gion. On the other hand, in Al ryy ! 0 very early (late)
in the bond breaking (forming) processes. Finally, in the
final “relaxation” region, charge is again redistributed per-
pendicular to the shear direction, with charge flowing to-
ward the forming bcp from forming rcps and away from the
vanishing bcp into rcps in the planes perpendicular to the
forming and breaking bonds. Consistent with the propa-
gation of a distortion through a rigid body, it appears that
a necessary condition for the propagation of a shear may
be the vanishing of the Gaussian curvature in planes per-
pendicular to the shear.

Among the factors that influence the relative energies of
the unstable stacking configurations is the shear required
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FIG. 2. (Upper) Generalized
stacking fault energy in mJ�m2;
(middle) charge density, r0,
in electrons�Å3; and (lower)
the curvatures of the charge
density, rkk , rhh , and ryy , in
electrons�Å5, at the critical
points for the breaking (solid
curves) and forming (dashed
curves) bonds as a function of
the shear displacement along
the �112� direction normalized
to the displacement, a�

p
6, of

the intrinsic stacking fault con-
figuration for aluminum, silver,
and iridium, respectively.
before the onset of the compensatory charge redistribution.
In Ag, this type of charge redistribution begins 40% of the
way through the shear, while for Al and Ir it begins at 50%.
The energy versus shear graphs for Al and Ag demonstrates
that it is only because the region of compensatory charge
redistribution occurs later for aluminum metal that it pos-
sesses a higher unstable stacking energy than does silver.

At the end point of the relaxation region, the charge den-
sity of the stacking fault is established. Notably, for all
three metals, the charge density around the changing bond
and cage cps of the stacking fault is nearly indistinguish-
able from that of the initial crystal. The values of r0, rkk,
rhh, and ryy for both the left and right hand critical points
of Fig. 2 have simply been reversed. The initial and final
values of these parameters then give no insight as to the
magnitude of gis. However, the nature of the charge re-
distribution does correlate with the energetics of the distor-
tion. By way of example, the redistribution of charge in the
case of Ag is seen to be nearly symmetric around the mid-
point of the distortion. The initiation and relaxation regions
appear similar. This same symmetry is reflected in the en-
ergy versus distortion curve of Ag. The charge redistribu-
tion of Al is distinctly asymmetric, with the values of rkk

and ryy for the breaking bond behaving very differently
from their counterparts in the forming bond. This asym-
metry is reflected in the energetics of the Al distortion,
reflecting the higher stacking fault energy of Al than Ag.

We conjecture that the symmetry or asymmetry of the
charge redistribution results from the way in which charge
is partitioned between the tetrahedral and octahedral holes
of fcc crystals. This partitioning is manifested by the com-
parative values of rhh and ryy at the bcp of the undistorted
crystal. When rhh , ryy , as in Al, the average charge
density in the tetrahedral hole exceeds that in the octahe-
dral hole. On the other hand, as in Ag where rhh � ryy

the average density in the two holes is comparable. For
the vanishing bcp at the beginning of the distortion there is
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no symmetry restriction on the comparative values of rkk,
rhh, and ryy . However, at the end of the distortion, in the
intrinsic stacking fault configuration, the first coordination
sphere around what has now become a ccp is octahedral.
It is only the second coordination sphere that lowers this
symmetry to D3h. At the ccp of this nearly octahedral field,
symmetry requires that rkk � rhh � ryy. This symmetry
restriction is seen in all three metals through the computed
values of principal curvatures for the breaking bcp. For the
forming bond, the situation is reversed.

During the initiation phase, it appears that there is
no preferred direction to the charge redistribution at the
vanishing bcp. Charge flows from the parallel direction,
uniformly in the horizontal and vertical directions, as indi-
cated by the nearly parallel traces of the breaking bond rhh

and ryy versus distortion (Fig. 2). Because ryy . rhh

for Al, ryy becomes comparable to rkk before rhh does.
When rkk � ryy, these two quantities are effectively
“pinned” by symmetry and further charge redistribution
is now limited to flows that change the value of rhh only.
Thus, charge redistribution is now constrained, accounting
for its asymmetry in Al. The constrained charge redistri-
bution in the relaxation phase manifests itself energetically
as a reduction in the stabilization energy.

Our conjecture suggests that charge density anisotropy
is a factor in determining the stacking fault energy of fcc
metals. Those metals (Al) in which charge is preferentially
partitioned in the tetrahedral hole will have higher values
of gis than where the density is more equitably partitioned.
The greater charge density, found in the tetrahedral holes of
Al, derive from wave functions near the Fermi energy that
direct charge toward these holes [22]. Alloying elements
that lower the Fermi energy will result in a more uniform
charge density, and should lower the stacking fault energy
of Al. Thus, metals in the same row of the periodic table
and to its left, i.e., magnesium, should lower gis, as is
observed.
125501-3



VOLUME 88, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S 25 MARCH 2002
FIG. 3 (color). Charge density in a plane perpendicular to the
forming bond containing the critical point near the region of
“compensatory charge” redistribution for aluminum, silver, and
iridium, respectively.

Extending our conjecture, interstitial alloying elements,
which preferentially direct charge through p or d orbitals
along one direction, should promote slip in the plane con-
taining this direction. This is inferred from the observa-
tion that rhh must vanish just before the unstable stacking
configuration is achieved. Charge from a directed pz or-
bital possess a node and thus contribute no curvature in
the plane normal to the directed orbital. Such alloying ele-
ments will cause the charge density to become flatter in
the nodal plane, and in response rhh will vanish earlier in
the distortion than in the absence of the alloying element.
Consequently, the unstable stacking configuration will oc-
cur at lower energies.

In summary, we have employed ab initio calculations to
study the energetics and the evolution of the charge density
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with shear in three fcc metals, Al, Ag, and Ir, exhibiting
different deformation properties. The charge redistribution
accompanying this process is described by the change in
character of specific charge density cps, with bond break-
ing associated with a transformation of a bcp to ccp, while
the bond formation is associated with the reverse. For all
three materials, rhh vanishes near the unstable stacking
fault configuration. We find that the symmetry or asymme-
try of the charge redistribution, as measured by rhh�ryy,
may be an important factor determining the stacking fault
energies in fcc metals.
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