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Abstract

Many-Body Localization and Mobility Edge in Spin Chain Systems With Quasiperiodic

Fields

By

Thomas R. Look

Master of Science in Physics

The study of many-body localization (MBL) helps address questions at the very foundation

of quantum statisticalmechanics—chiefly, can an isolated quantum system serve as a thermal

bath for its own subsystems? We study the many-body localization of spin chain systems

with quasiperiodic fields. Based on finite-size scaling analysis of entanglement entropy

and fluctuations of the bipartite magnetization, we identify Wc > 1.85 as a lower bound

for the critical disorder necessary to drive the MBL phase transition. We also examine the

entanglement entropy of an initial product state after a global quantum quench where we

find power-law and logarithmic growth for the thermal and many-body localized phases,

respectively, with a transition point Wc ∼ 2.5. For larger disorder strength, both imbalance

and spin-glass order are preserved at long times, while spin-glass order shows dependence

on system size. We also observe the appearance of a mobility edge in small quasiperiodic

systems and explore density matrix renormalization group methods to probe larger systems.

Quasiperiodic fields have been applied in different experimental systems, and our study

finds that such fields are very efficient at driving the many-body localized phase transition.
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Chapter 1

Introduction to many-body localization

In the presence of strong enough disorder, an isolated interacting many-body system can

fail to quantum thermalize on any timescale. This phenomenon, known as many-body

localization (MBL), is a distinct phase of matter that challenges fundamental assumptions

at the very foundation of quantum statistical mechanics. The study of MBL is important,

both for the theoretical foundation of quantum statistical mechanics and for valuable insights

that might be gained for building future quantum devices.

1.1 Localization in non-interacting systems

In 1958, while band theory was seeing overwhelming success, P.W. Anderson published

his seminal paper, Absence of Diffusion in Certain Random Latices [1]. Emphasizing

locality, in opposition to prevailing wisdom, Anderson sought "...to lay the foundation for

a quantum-mechanical theory of transport..." [1]. While this effort did not receive much

immediate attention, he was later awarded the 1977 Nobel Prize in Physics in part for this

work. The essence of his theory was that randomness in the distribution of impurities or

defects in a lattice could permanently pin down an eigenstate of non-interacting electrons

to a given region preventing the conduction of charge and heat. This effect is now known

as Anderson Localization.

We can understand this effect by studying a tight binding model with Hamiltonian,

H =
∑
i, j

(Vi jc
†

i c j + h.c.) +
∑

i

Eic
†

i ci, (1.1)

where c†i is the fermionic creation operator for site i, on-site energy Ei is a stochastic

variable with probability distribution P(E)dE characterized by width W , and Vi j is the

1



Figure 1.1: Phase diagram for MBL in random field models obtained from ED studies.
At strong enough disorder h, both ergodic and MBL phases appear in the energy spectrum.
From Ref. [23]

.

hopping matrix element between site i and site j. In one dimension, the eigenstates of this

Hamiltonian are exponentially localized, which Anderson was able to demonstrate with a

perturbative analysis.

1.2 Localization in interacting systems

Anderson’s theory was a simplification of the systems in Feher’s experiments since it

ignored electron-electron interactions. The work of Basko, Aleiner, and Altshuler [2] in

2006, extended localization into the weakly interacting regime and proved, to all orders

of perturbation theory, the existence of a finite temperature metal-insulator transition in

these systems. Driving the metal-insulator transition was the appearance of a many-body

mobility edge between localized and thermal (ergodic) eigenstates in the energy spectrum.

This work helped spark a flurry of research activity that continues today [3–55, 55–72]. A

spin chain model was introduced by Pal and Huse [4] providing a method of studying MBL

systems through exact diagonalization (ED). While early ED studies showed evidence of a

many-body mobility edge [23, 29, 51, 73], the actual picture is not clear as we will discuss

in Chapter 3.
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1.3 Entanglement Entropy

Quantum entanglement has been a most curious feature of quantum theory ever since it was

first conceptually introduced by Einstein, Podolsky, and Rosen in an attempt to curtail the

ascendancy of quantum mechanics [74]. A bipartite system, with subsystems A and B, is

said to be quantum entangled when the state of A cannot be described independently of B.

Let HAB be the Hilbert space for a composite system of A and B, then HAB = HA ⊗ HB,

with HA and HB of dimension NA and NB respectively. The state |ψ〉 ∈ HA ⊗ HB can be

written as

|ψ〉 =
∑
i, j

ci j |αi〉A |β j〉B , (1.2)

where ci j are elements of rectangular matrix C of dimension (NA × NB) and {|αi〉A} and

{|β j〉B} are orthonormal bases of A and B respectively. The density matrix for the state is

given by

ρ = |ψ〉 〈ψ | . (1.3)

The reduced density matrix for subsystem A is obtained by taking the partial trace over

subsystem B

ρA ≡

NB∑
j

B〈β j |ρ|β j〉B = TrB(ρ). (1.4)

Similarly, a partial trace over A yields the reduced density matrix ρB

ρB ≡

NA∑
i

A〈αi |ρ|αi〉A = TrA(ρ). (1.5)

It can also be shown that the reduced densitymatrices can be constructed from the coefficient

matrix C as follows:

ρA = CC† ρB = C†C. (1.6)

3



The entanglement entropy SAB is defined as the vonNeumann entropy of the reduced density

matrix ρA:

SAB ≡ −Tr(ρA ln ρA) = −

NA∑
a=1

wa lnwa, (1.7)

where wa are the eigenvalues of the reduced density matrix ρA. As we will soon prove, the

entanglement entropy is the same regardless of whether ρA or ρB is used.

For any rectangular matrix M of dimension (NA × NB), with N ≡ min(NA, NB), there

exists a singular value decomposition (SVD) such that

M = USV†, (1.8)

whereU has dimensions (NA × N) with orthonormal columns,V† has dimensions (N × NB)

with orthonormal rows, and S is a semidefinite diagonal matrix of dimension (N × N) with

elements Saa ≡ sa known as singular values. The r ≤ N nonzero singular values are given

in descending order such that s1 ≥ s2 ≥ · · · ≥ sr > 0.

The SVD of the coefficient matrix C gives

Ci j =

N∑
a=1

UiaSaaV∗ja. (1.9)

By inserting Eq. (1.9) into Eq. (1.2), we find

|ψ〉 =
∑
i, j

N∑
a=1

UiaSaaV∗ja |αi〉A |β j〉B

=

N∑
a=1

(∑
i

Uia |αi〉A

)
sa

(∑
j

V∗ja |β j〉

)
=

N∑
a=1

sa |a〉A |a〉B , (1.10)

4



Thermal phase Single-particle localized Many-body localized
Memory of initial conditions Some memory of local initial Some memory of local initial
‘hidden’ in global operators conditions preserved in local conditions preserved in local

at long times observables at long times observables at long times.
ETH true ETH false ETH false

May have non-zero DC conductivity Zero DC conductivity Zero DC conductivity
Continuous local spectrum Discrete local spectrum Discrete local spectrum

Eigenstates with Eigenstates with Eigenstates with
volume-law entanglement area-law entanglement area-law entanglement

Power-law spreading of entanglement No spreading of entanglement Logarithmic spreading of entanglement
from non-entangled initial condition from non-entangled initial condition

Dephasing and dissipation No dephasing, no dissipation Dephasing but no dissipation

Table 1.1: A list of some properties of the many-body-localized phase, contrasted with
properties of the thermal and the single-particle-localized phases. Taken from Ref. [7]

where {|a〉A} and {|a〉B} are new orthonormal bases sets for A and B, and
∑

a s2
a = 1.

Truncating this sum for r ≤ N nonzero singular values gives the Schmidt decomposition

|ψ〉 =

r∑
a=1

sa |a〉A |a〉B . (1.11)

If we use Eq. (1.11) in Eq. (1.4) and Eq. (1.5) we find that the reduced density matrices can

be written as

ρA =

r∑
a=1

s2
a |a〉A A〈a| ρB =

r∑
a=1

s2
a |a〉B B〈a| (1.12)

It is then obvious that wa = s2
a and that the von Neumann entropy for ρA and ρB are the

same. The von Neumann entropy can then be written as

SAB = −

r∑
a=1

s2
a ln s2

a. (1.13)

From here we can see the two extremes for entanglement entropy. If r = 1, then s1 = 1,

and Eq. (1.11) reduces to a pure product state |ψ〉 = |a〉A |a〉B with entanglement entropy

SAB = 0. A maximally entangled state is achieved when r = N and s2
a = 1/N , giving

entanglement entropy SAB = ln N . For an equally partitioned chain of L spins, N = 2L/2,

thus SAB = (L/2) ln 2 gives the volume-law bound for the chain.
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The entanglement entropy has emerged as an important quantity in the study of MBL

and thermal systems [4, 17, 23, 28, 29, 51]. As seen in Table 1.1 taken from Ref. [7], the

entanglement entropy of MBL systems is bound by the area-law—maximal entanglement

entropy proportional to the surface area of the boundary between subsystems—and expe-

riences logarithmic spreading of entanglement up to this bound. Meanwhile, the thermal

phase is bound by the volume-law—entanglement entropy proportional to the volume of

the system—and experiences power-law spreading of entanglement.
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Chapter 2

Many-body localization in spin chain systems with quasiperiodic fields

The existence of both the ergodic and MBL phases dictates a novel dynamic quantum phase

transition between them [2–4, 17, 21, 22, 29, 49–54, 56, 75]. Random disorder introduces

rare Griffiths regions [22, 49, 50, 54, 59, 60, 75] which may have singular contributions in

driving such a phase transition, but there is still a limited quantitative understanding of their

effects. Quasiperiodic fields [76] have a period incommensurate with the lattice constant,

thus they break translational invariance and introduce disorder in a more controlled way

when compared to random fields.

In a recent work, it was shown that interacting quasiperiodic models can have an MBL

phase [31], and signatures of this phase have been experimentally observed in recent cold-

atom experiments [61–64, 77]. However, most numerical studies of the MBL transition

have focused on models of spin chains with random fields [4, 22,23,54,75]. Very recently,

the dynamic quantum phase transition has been analyzed [38, 55, 65, 67] for systems with

quasiperiodic potentials. By analyzing the intra-sample and inter-sample fluctuations with

a close comparison between quasiperiodic and random fields, Khemani, et al. [55], have

demonstrated the possibility of two universality classes for the quantum phase transition

[55, 75]. Other studies explore the interplay of MBL in quasiperiodic potentials and the

single-particle mobility edge [65, 68, 69]. Time evolution of many-body systems have

been studied for spin-chains with randomly distributed fields [29, 70] and quasiperiodic

fields [67], which can be used to address the dynamics of the thermal to MBL phase

transition [7, 49, 50]. After a global quantum quench, the power-law growth of bipartite

entanglement entropy is observed for thermal states while logarithmic growth is found for

MBL states where local memories of an initial product state persist for all time [38, 70].

In this chapter we report on eigenstate and time-dependent studies of spin chains with

quasiperiodic fields. Through exact diagonalization (ED) and Lanczos Krylov space time
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evolution calculations, we find a dynamic quantum phase transition from the ergodic phase

to the MBL phase that is similar to spin chains with random disordered fields. However,

systems with quasiperiodic fields appear to be more efficient at localizing quantum states

which is demonstrated by a smaller critical disorder,Wc ∼ 1.85 (as a lower bound) compared

to similar estimate for systems with random fields [23] (where the critical disorder field

strength is around 3.5 [23]) in agreement with the work of Khemani, et al. [75] We also

evolve a randomly selected initial product state and study how entanglement entropy and

other observables behave as a function of time. Similar to random field systems, we find

that bipartite entanglement entropy experiences power-law growth in the thermal phase

and logarithmic growth in the MBL phase. Interestingly, we also observe quasiperiodic

oscillations of spin imbalance on short timescales. Preservation of imbalance and spin

glass order at long times is characteristic of the MBL phase, commensurate with stronger

disorder. Our results suggest a critical quasiperiodic field strength ofWc ∼ 2.5, and provide

a quantitative understanding of the MBL phase for spin systems with quasiperiodic fields.

2.1 Theoretical model and ergodic to many-body localized phase transition

We study the Heisenberg spin-1/2 chain with a quasi-periodic field

H = J
L−1∑
i=1

Si · Si+1 +W
L∑
i

cos(2πci + φ)Sz
i . (2.1)

where Si is the spin operator for site i, J is the nearest neighbor coupling constant which

we set to J = 1, W is the strength of the quasi-periodic field, c is an irrational wave number

chosen to be c =
√

2, and φ is a random phase used to create different quasiperiodic field

configurations. L is the number of sites (system length). This model is similar to the

one studied recently in [55], which included second nearest neighboring transverse spin

couplings. In this work, however, we focus on the time-evolution of initial product states

8



for systems with quasiperiodic fields. We use open-boundary condition which allows for a

larger window to observe the time evolution of physical quantities [70] before they saturate

due to finite-size effects.

We perform ED calculations to obtain energy eigenstates around the energy E at a target

energy density ε [23] for systems with different number of sites L = 10 − 18 in the total

Sz = 0 sector. Specifically, for each quasiperiodic field configuration, we first calculate the

ground state energy E0 and the maximum energy Emax, which are used to define the target

energy density ε = (E − E0)/(Emax − E0). We first locate the critical point for the MBL

phase transition based on the entanglement entropy and the fluctuations of the half-system

magnetization [23]. The Von Neumann entanglement entropy of a system partitioned in

the middle, with reduced density matrix ρA, is given by S = −Tr(ρA ln ρA). We average

the bipartite entanglement entropy over 30 (L = 10) to 200 (L = 18) eigenstates near target

energy E characterized by energy density ε = 0.5, and over 1000 quasifield configurations

by choosing random φ between (0, 2π). As shown in Fig. 2.1(a), we plot the ratio of

entanglement entropy over the number of system sites S/L for different systems at energy

density ε = 0.5 from L = 10 to 18 as a function of quasiperiodic field strength W . As

W → 0 we see S/L increases with L which approaches the Page value (S/L ∼ 0.5 ln(2)

for large L limit) [78] following the volume law of the ergodic phase. For larger W , S/L

approaches zero indicating area law entanglement and non-ergodic behavior where the

MBL state is realized. With varying W , all data points approximately cross each other

around a critical value Wc ∼ 1.85. We compare the entanglement entropy behavior with

the bipartite fluctuations F of the subsystem magnetization Sz
A [23,72], which is defined as

F = 〈Sz
A

2
〉 − 〈Sz

A〉
2 as shown in Fig. 2.1(b). We see that F/L increases on the small W side,

while it becomes vanishingly small on the larger W side. The F/L curves for different L

approximately cross each other around the critical field strength Wc ∼ 1.85, consistent with

the behavior of the entanglement entropy. In fact, we see that there is an approximately

proportional relationship between S and F for all W region. We also note that the crossing

9
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Figure 2.1: (a) The ratio of entanglement entropy over the number of system sites S/L for
L = 10 − 18 at the energy density ε = 0.5 as a function of the strength of the quasiperiodic
fields W . (b) The fluctuations of the half system magnetization over L for L = 10 − 18.
Both graphs display crossing around Wc ∼ 1.85, suggesting a quantum phase transition at
that point. For larger system sizes, the crossing point drifts towards larger W .

points between larger L curves move towards the larger W side. This feature was also

observed in a different model for quasiperiodic systems as well as for random disorder

systems [55,75], which indicates the Wc we observed is a lower bound for the critical point

of the dynamic quantum phase transition.

We now analyze the finite-size scaling properties of theMBL transition for the quasiperi-

odic fieldmodel. Crossing the quantumphase transition, we expect that the entanglement en-

tropy ratio S/ST and the fluctuations of the half systemmagnetization over the system length

F/L should be a function of L/ξ ∼ L(W −Wc)
ν, where the correlation length ξ has power-

law divergence at the transition point with an exponent ν. Note that ST = 0.5(L ln(2) − 1)

is the saturated thermal value for the entanglement entropy of a finite size system [55, 78].

As shown in Fig. 2.2(a-b), we find that these quantities for all system lengths can in-

deed be collapsed into one curve in a form f ((W −Wc)L1/ν) by using the proper critical

Wc ∼ 1.85 − 1.95 and the scaling exponent ν ∼ 1.1 ± 0.1, which give the best collapsing

effect. The obtained exponent ν is in agreement with the results of Khemani et al. [55],

although the fitting for the F/L shows much larger finite-size effect. Similar crossing point

is also obtained using the adjacent gap ratio [23] (with slightly larger finite-size effect),
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Figure 2.2: (a) Finite-size scaling collapse for (a) entanglement entropy S/ST with ST
as the Page value [78] , and (b) the fluctuations of the half-system magnetization data in
the quasiperiodic model for the system sizes L = 10 − 18. The critical disorder strength
Wc ∼ 1.85 − 1.95 and scaling exponent ν ∼ 1.1 are used to best collapse the data.

indicating a transition between the Gaussian orthogonal ensemble statistics and Poisson

statistics consistent with the thermal and MBL phases, respectively.

2.2 Time-evolution of quantum states

We study the non-equilibrium quantum dynamics of the quasiperiodic systems after a global

quantum quench. Here we start by selecting a product state |Ψ(0)〉 = |σ1, σ2, . . . , σL〉 with

an average energy close to the target energy determined by the energy density ε = 0.5 at the

time t = 0 after the quench, whereσi = ± represents the spin-z component±1/2 (with~ = 1)

at site i. The state at time t can be obtained as |Ψ(t)〉 = e−iHt |ψ(0)〉 = e−iH∆t |ψ(t − ∆t)〉. We

calculate the time evolution of an initial state |Ψ0〉 based on a projection of the Hamiltonian

to the Krylov space spanned by |Ψ0〉, H |Ψ0〉, . . . , Hn |Ψ0〉. We calculate all eigenstates

in this space to obtain the time-evolution operator [23]. Using a reasonably small time

step δt ∼ 0.2/J allows for highly accurate results for the quantum state with a small

n = 30−60. All time-evolution results are being averaged over more than 500 quasiperiodic

field configurations.
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Figure 2.3: (a) In this log-log plot, for systems withW < Wc we observe power-law growth
of entropy S(t) which saturates at the L = 16 Page value. (b) Semi-log plot of S(t) with
W > Wc indicating logarithmic growth of S(t). The error bars of data are at the same order
as the size of symbols.

We first discuss the general behavior of the entanglement entropy as a function of time.

On the small W side shown in Fig. 2.3(a), we find that the entropy S(t) exhibits power-law

growth in time t before it reaches the saturated value L
2 ln 2 at long time limit in agreement

with the ETH. On the larger W side, we find a much slower growth, which can be fit with

a logarithmic growth function as shown in Fig. 2.3(b) for W = 3 − 5. We now analyze the

finite-size scaling behavior of S(t) for L = 12−20. For smallW = 1 as shown in Fig. 2.4(a),

we find that the initial growth (t ∼ 1) of S(t) is very rapid and system size independent. For

the intermediate time regime, S(t) experiences power-law growth as demonstrated by the

linear behavior in the logarithmic plots until the finite-size effect sets in. With the increase

of L, we find a wider time interval for the power-law growth of S(t). Interestingly, we see

very similar behavior and a smaller window for power-law growth of S(t) for W = 2. The

power-law growth indicated by the straight line in the Fig. 2.4(b) is clearest for larger system

size L = 20. This is a strong indication that the W = 2 is in the thermal phase consistent

with the moving of the crossing point toward larger W with the increase of L observed in

Fig. 2.1. We then look into S(t) at W = 3 as shown in Fig. 2.4(c) where we observe that

for small t, S(t) grows rapidly while the initial product state evolves to a superposition state

for t ∼ 1, which is then followed by some oscillations of S(t). With further increase of t,
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Figure 2.4: (a) For system sizes ranging from 12 to 20, at W = 1, we observe that
S(t)increases rapidly until t ∼ 1. When 1 < t < 50, S(t) for all L data fit into a straight
line demonstrating robust power-law growth. For larger t, we see that S(t) saturates toward
L
2 ln 2, consistent with the thermal entropy of the ergodic phase. (b) At W = 2, for smaller
system sizes, we observe that S(t) grows slower than predicted by the power-law; on the
other hand, L = 20 results behave as expected for a thermal state and the growth of its
entropy over time follows the power-law. (c) At W = 3, we notice that all S(t) plots fit to a
straight line in the semi-log plot, indicating logarithmic growth for the MBL state.

we find a logarithmic growth of S(t) for a time range of more than two orders of magnitude.

The range of t for logarithmic growth of S(t) becomes larger with the increase of W . These

results confirm an MBL phase with similar behavior to the random field case studied by

Luitz, et al [23].

Now we turn to spin correlations during the time evolution. We start from the product

state |Ψ(0)〉 where the Sz
i on each site i is ±1/2 while the total Sz of all sites is zero. We

define the following time correlator for σz as

I(t) =
4
L

L∑
j=1
〈Ψ(0)|Sz

j (0)S
z
j (t)|Ψ(0)〉 , (2.2)

which detects the total imbalance of spin-z component. As shown in Fig. 2.5(a), we find

a systematic change of the properties of I(t) as W is varied. For smaller W = 0.5 and 1,

we see that the long time behavior of imbalance I(t) is dominated by power-law decay t−ζ ,

and at the large t limit Sz
i on a site becomes uncorrelated with the initial condition and I(t)

approaches zero. For intermediate W = 1.5 and 2, a similar power-law behavior is obtained

with a much smaller decay power ζ , indicating the longer time scale required to approach

equilibrium spin correlations for these thermal states near the transition point to the MBL
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Figure 2.5: (a) Imbalance I(t) for a L = 16 system with W = 0.5 − 6. At small values of
W , we notice the I(t) of the system decays rapidly; however, when W is increased beyond
W > 2, I(t) ceases decaying and remains at a certain level. This is consistent with the MBL
behavior where the initial values of the local observables for each site i is preserved. (b)
Fitting parameter ζ for the power-law decay exponent as a function of W . (c) Spin glass
order as defined in eq.2.3. At small values ofW , correlations between spins are short ranged
and χ(t) decays to 1 over time; at large values of W , χ(t) remains close to its initial value
even at very long time, further corroborating our assertion of a quantum phase transition.
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Figure 2.6: (a) Imbalance I(t) for a L = 12 − 20 systems at W = 3. I(t) is insensitive to
system size L. It shows initial oscillation at shorter times, and it stays at nonzero value at
the long time limit. (b) Spin glass order χ(t)/L saturates to finite nonzero value indicating
the divergent behavior with L.

phase. On the MBL side with W = 3 and 4, we see that the I(t) is near constant at large

t limit with a near vanishing decay exponent (ζ ∼ 0). In Fig. 2.5(b), we show the decay

exponent ζ as a function of W , where we find that the critical point for the transition to

MBL phase is close to Wc ∼ 2.5 consistent with the conjecture that Wc ∼ 1.85 is only the

lower bound of the critical point, though for given range of system sizes L = 10− 18 it does

give the best collapsing of the finite sizes entropy and fluctuation data (for highly excited

eigenstates) as shown in Fig. 2.2.

For comparison, we also study spin glass order [29] for the MBL phase. The spin-flip

from the Heisenberg term will create domain walls. If the domain walls are confined

together, a spin-glass order can develop. We define the spin glass order parameter

χ =
1
L

L∑
i, j=1
〈Ψ(t)|4Sz

i Sz
j |Ψ(t)〉

2 , (2.3)

which can diverge with L in the spin-glass ordered phase. As shown in Fig. 2.5(c), we see

behavior very similar to I(t). For smaller W = 1 − 2, we see that χ(t) decreases with t in

power-law fashion, while it maintains a large value in the long time limit for larger W > 2.

Our results indicate a jump of the spin glass order at the thermal to MBL transition. In Fig.

2.6, we see that both I(t) and χ(t)/L show very weak size dependence at W = 3 and remain
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nonzero at long time and large system size limits, which fully establish the robustness of

the MBL phase.

2.3 Summary and Discussions

We have studied many-body localization and quantum phase transitions in spin chain sys-

tems in the presence of quasiperiodic fields. Based on the entanglement entropy and the

fluctuation of the half system magnetization studies, we find the lower bound of the critical

field strength Wc for the dynamic quantum phase transition from the thermal phase to the

MBL phase driven by the quasiperiodic fields to be on the order ofWc ∼ 1.85. Interestingly,

forW just aboveWc, we find that the entanglement entropy following a global quench grows

with time under the power law, consistent with the behavior of the thermal phase. From the

scaling behavior of the spin imbalance and spin glass order, we identify the divergent spin

glass order forW ≥ 3. Overall, the finite size effect in such a quasiperiodic system turns out

to be not too important as the scaling behavior in the intermediate regime near the transition

appears to be showing either thermal behavior (W ∼ 2) or MBL characteristics (W ∼ 3),

suggesting the best estimate of the transition point to be Wc ∼ 2.5. Our results provide

quantitative understanding of the effect of quasiperiodic fields, which are more efficient in

driving MBL physics than random fields due to importance of the rare Griffiths regions in

random field models. Our results are also consistent with experimentally observed MBL

phenomena [61] for one dimensional fermionic systems with quasiperiodic fields through

a Jordan-Wigner transformation. In such experimental systems, while the fermionic inter-

action term enhances delocalization similar to the effect of spin-spin interaction, MBL is

stabilized by the quasi-field. In Chapter 3, we will examine the mobility edge [67] in such

systems by probing different energy densities and using density matrix renormalization

group methods.
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Chapter 3

Mobility edge in spin chain systems with quasiperiodic fields

The work of Ref. [2] predicted an MBL transition occurring at finite temperature with a

many-bodymobility edge (MBME) andED studies have reported the appearance ofMBMEs

in small 1D and ladder systems [23, 29, 51, 73]. However, studies with other methods on

larger systems did not find similar evidence [79,80] and numerical linked cluster expansion

suggests the extent of the localized phase could be overstated [24]. Furthermore, theoretical

arguments have been put forth suggesting scenarios where fluctuations into the ergodic

phase from the local phase could induce global delocalization [81]. Such a scenario would

prevent an MBME from existing, and the authors suggest that finite-size effects cannot be

ruled out for the appearance of MBMEs in previously studied systems [81].

In this chapter, we study spin chain systems with quasiperiodic fields at various energy

densities in order to see if there is a qualitative difference in the appearance of an MBME

between quasiperiodic fields and previously studied random field models. We test the use

of Density Matrix Renormalization Groups (DMRG) for evaluating finite-size effects in the

appearance of MBMEs.

3.1 Crossing of entanglement entropy

Using the ED calculations outlined in Chapter 2, and the same model, we study the behavior

of scaled entanglement entropy S/L verses disorderW at different energy densities ε between

ε = 0.2 to ε = 0.5. We choose to focus on the low energy density behavior as we can

extrapolate qualitative features into regimes accessible by DMRG. For smaller ε , care must

be taken to ensure that the average energy of the kept eigenpairs corresponds to the target

energy E defined by ε = (E − E0)/(Emax − E0). For example, at L = 10 and ε = 0.1, the

target energy typically lies between the ground state and first excited state, thus only two
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Figure 3.1: Observed shift in crossing point for S/L vs W curves as energy density ε is
varied, consistent with a finite size mobility edge.

eigenpairs can be kept. While this makes L = 10 calculations less reliable near the ends of

the energy spectrum, larger system sizes are less susceptible to this issue.

In Figure 3.1, we observe crossings at W ∼ 1.00 for ε = 0.2, W ∼ 1.55 for ε = 0.3,

W ∼ 1.65 for ε = 0.4, and W ∼ 1.85 for ε = 0.5. This observed shift in the critical disorder

strength Wc with respect to energy density ε appears to be a mobility edge, although we

have not ruled out finite-size effects.

3.2 Probability distributions of entanglement entropy

Another method of studying the MBL transition is to examine the probability distributions

of the entanglement entropy [49,51,59,82]. Previous studies have found that entanglement

entropy appears normally distributed at low disorder, begin to develop exponential tails at

intermediate disorder, and transition to long-tailed distributions with characteristic peaks at
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Figure 3.2: Observed transitions from normal to long-tailed distributions asW is increased.
Transitions appear to occur at lower disorder for smaller energy density.
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S = 0 and S = ln 2. This behavior can be used to characterize the ergodic and MBL phases

by their probability distributions. We study the probability distributions of entanglement

entropy S at fixed system size L = 16 at different energy densities ε and disorder strengths

W . At low disorder strength W = 0.1, entanglement entropy appears to be normally

distributed across all energy densities as would be expected in the thermal phase. As

we increase disorder, we begin to see transitions into the long-tailed distributions that are

characteristic of the MBL phase. These transitions begin to occur earlier for lower energy

density providing more qualitative evidence of an MBME in small systems. We also see an

additional peak form at S = ln 3.

3.3 Density matrix renormalization group

The size of systems accessible to ED calculations is severely limited because the Hilbert

space grows exponentially with system size as 2L . However, in certain systems, the relevant

physics may be contained in a small subspace. Density Matrix Renormalization Group

(DMRG) [83] methods exploit this property to calculate the ground state of large and even

infinite sized systems MBL states also have a reduced state space bound by the area law and

there have been recent efforts to exploit this in order to target highly excited states of MBL

systems [57, 59].

Consider a system consisting of a left block A and a right block B which contain one

spin each at the start. Insert a pair of spins in between the blocks creating a superblock

A••B. This structure can then be separated again into a new A and B blocks consisting

of the previous block-site A• and site-block •B, respectively. The Hilbert space of the

superblock is still exponential 2l , the crucial step is to reduce the state space through a

process called decimation: (1) Diagonalize the superblock Hamiltonian ĤA••B using a

sparse eigensolver to obtain the groundstate. (2) Find the reduced density matrix ρA• for

the left block-site subsystem. (3) Diagonalize ρA• to obtain the largest m eigenpairs, wa and
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Figure 3.3: The left and right half of the figure present the iterations taken in the infinite-
system and finite-system DMRG procedures respectively. In both cases, new blocks are
formed from integrating a site into a block, with a state space truncation according to the
density-matrix prescription of DMRG. Whereas in the infinite-system version this growth
happens on both sides of the chain, leading to chain growth, in the finite-system algorithm
it happens only for one side at the expense of the other, leading to constant chain length.
From Ref. [84]

|ua〉 with a = 1, . . . ,m and m < l. (4) Construct an operator Ô of dimension m × l whose

rows are |ua〉 and create a reduced Hamiltonian ĤA′ = ÔĤA••BÔ†. (5) Replace block A

with A’, and by similar procedure replace B with B’.

This process of iteratively growing the system is known as infinite-system DMRG.

Once the system is grown to the desired size finite-sized DMRG can be used to improve

the approximation of ground state. This process grows block A(B) at the expense of block

B(A), utilizing previously obtained smaller block B(A) operators. This process is swept

back and forth repeatedly until convergence on the desired state is achieved. The error

associated with truncating states in this manner is given by εT = 1 −
∑m

1 wa.

In order to target excited states, we used a modified version of DMRG called En-

DMRG [59]. The standard DMRG algorithm is modified at the finite-system stage. Here

we use the six lowest eigenstates of the squared Hamiltonian Ĥ2 = (Ĥ−Et Î)2 where Et is the

target energy and Î is an identity matrix of appropriate dimension. We use the En-DMRG

method to target energies at our desired energy density ε = (Et − Emin)/(Emax − Emin). We

conduct our En-DMRG calculations at ε = 0.1 and W = 1.8 which, according to our ED

calculations, should be deep in the MBL phase. As seen in Fig. 3.4, we observe that scaled
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Figure 3.4: (a) Scaled and (b) unscaled entanglement entropy versus system size. We
observe different scaling behavior for our largest system size L = 64 suggesting more study
might elucidate the nature of finite size effects on the appearance of a mobility edge.

entropy S/L decreases with increased system size L in both ED and En-DMRG calculations

up to size L = 32. However, we see an increase at L = 64, indicating possible thermal

scaling. While these initial observations are far from conclusive, they are a potentially

exciting glimpse into finite-size effects on the appearance of the mobility edge.

3.4 Summary and discussion

Utilizing established ED methods, we demonstrate the appearance of a mobility edge in

small spin-chain systems with quasiperiodic fields up to size L = 18. However, finite size

effects cannot be ruled out. Utilizing the recently developed En-DMRG [59] method, our

exploratory calculation gives an anomalous data point at size L = 64 where scaling of

entropy S/L is inconsistent with a localized phase. While improvements to the reliability

and efficiency of the En-DMRG method must be made, it appears that there are insights to

be gained by studying system sizes accessible to this method. Another interesting direction

is to explore the MBL phase transition in ladder systems with coupled spin chains [51],

which provides information about the MBL physics in two dimensions.
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Appendix A

Works associated with this thesis

En route to the completion of this thesis, our findings which comprise Chapter 2 were

published in Physical Review B [85]. It appears in this work in a slightly modified form, al-

though the copyright to the original publication remains with the journal. I made significant

contributions to this work as co-lead author.

The following public presentations were based on materials from this thesis:

1. Many-BodyLocalization andMobility Edge in Spin-Chain SystemsWithQuasiperiodic

Fields

(a) Talk at CSUNposium, April 2018

(b) Talk at APS March Meeting, March 2018

2. Many-Body Localization in Spin-Chain Systems With Quasiperiodic Fields

(a) Talk at CSUNposium, April 2017
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