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ABSTRACT

‘Phase-Locked Loop
Receiver Characteristics
by
Steve Hiroyuki Ohta

January 1975

_ In this paper an attempt is made to obtain practical design’
‘techhiques for carrier-tracking loops using the linear assumption.
The bulk of the work is based on a statistical analysis of a linear
model, but a non-linear model is also provided for the first order
loop. Suppressed carrier-tracking loop analyses are discussed in

detail,
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1. INTRODUCTION

The basic concept of 2 phase-locked loop is not new. The |
origins of phase-locked control date back to the 1920's and 30's.
The first widespread use of phase lock, however, was in TV receiveys
to synchronize the horizontal and vertical sweep oscillators to the
transmitted sync pulses. Shortly thereafter, Jaffee and RechtinI 13
showed how a phase-locked loop could be used as a tracking filter
for a missile beacon, and how the loop parameters could best be
specified,

Lately, narrow-band phase-locked receivers have proved to
be of considerable benefit in tracking weak satellite signals because
of their superior noise immunity T5,63.

Before the advent of monolithic integration, cost and com--
plexity considerations limited its use to precision measurements
requiring very narrowv bandwidths. In the past few years, the
advantages of monolithic integration haverchanged the phase-locked
loop from a specialized design technique to a general-purpose
building block [ 7,213,

Today, over a dozen different integrated phase-locked loop
products are available from a number of IC manufacturers, Some
of these are designed as ''general purpose'' circuits suitable for a
multitude of uses.

1-A. Basic Phase-~locked Loop Principle., - A phase-locked loop




(PLL) contains three basic components {see Fig, 1—1):‘ a phase com--
parator, a low pass filter, and a voltage-controlled oscillator (VCO),
Detailed mathematical analysis of the phase-locked loop is discussed
in the next chapter,

The basic principle of loop operation can be explained as
follows: with no signal input, the VCO operates at a free-running
frequency {(VCO f{requency), and the errvor voltage e{t) is zero. If an
input signal s{t) is applied at the lbsp, the phase comparator com-
pares the phase, and genérates an error voltage that is the differencd
of phase and frequency between two signals, This voltage is then
filtered and applied to the VCO., The VCO converts voltage to fre-
| quency in a linear fashion, This voltage applied to VCO forces the
VCO frequency to vary in a direction that reduces the frequency
difference between VOO and the input éignal, If the input frequency
is sufficiently close to the VCO frequency, thé servo nature of the
PLL: constrains the VCO to lock with the incoming signal, and track

it over smeall frequency variations.

s{t) Phase e{t) Low-pass | ~ Qutput
Input | Detector C{Filter signal
signal ]

v{t) VCO b z(t)

Fig., 1-1. Block Diagram of Phase~-locked Loop.

The band of frequencies over which the PLL can acquire. lock

with an incoming signal is the capiure range {see Fig. 1-2).
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Fig. 1-2., The typical phase-locked loop frequency-to-voltage
transfer characteristics for increasing and
decreasing input frequency.

1-B. Application., - As a versatile building block, the PLL can be
used for a wide range of applications. Some of the more important
are the followi.ﬁg:

a., The PLL is utilized in the space transponder, which
coherently transmits to Earth an RF carrier whose frequeﬁcy ic at a
fixed ratio relative to that received from Earth, For example, in
the S-band system, the frequency transmitted from Earth to fhe
spacecraft (in the 2110 to 2120 MHz band) is tracked by means of a
phase-locked loep, multiplied by the ratio 240/221 and transmitted
to Earth [ 5,673.

b. The PLL can be used as a frequency demodulator, to
obtain quality demodulated out superior to that of a conventional
discriminator 0 2,61,

c. Frequency-shift keyed (FSK) signals are used to transmit

digital information over telephone lines. When the PLL is locked on




the input sigmal, tracking 'the shifts in the input frequency, converts
the frequency shifts back to binary logic pulses [5,6,7, 10, 1317,

d, Bit synchronization of PCM telemetry transmission is
typically obtained by phase lock methods[ 5, 61.

e. Signal conditioning can be obtained by the PLL, since VCO
output duplicates the frequency of the desired input by greatly
attenuating the noise, undesired sidebands and interference present
at the input [ 6, 7, 20, 2113,

f. he PLI. can be used to generate new frequencies from a
stable reference source by either frequency multiplication and divi-
sion, or by f{requency translation L41.

g. The PLL can be converted to a synchronous AM detector
with the addition of a non-critical phase-shift petwork, an analog
multiplier and a low pass filter L 7,813,

h. The PLL can also be used to achieve very precise s?éed' T
control required in many electromechanical systems, such as
magnetic tape drives and disk or drum head driversT 73

Presently, PLL circuits are used in the relatively wide

applications,

1-C. Terminology of Phase-locked Loop, - The following are the
basic terms encountered in PLL literature,
Capture Range - The band of frequencies in the vicinity of

center frequency where the PLL can acquirg

lock with an input signal, The capture



Damping Factor -

¥Free-running Frequen-
cy {center frequency) -
<y

Jweck Range -

Yoop Gain -

Loop Neoise Bandwidth -

“range is always smaller than the lock range,

and is related to the low-pass filter band-
width (see Fig. 1-2). It is also known as
the lock-in range or acquisition range.

The ala‘i;ity of the PLL to respond quickly to
an input frequency set without excessive

overshoot.

This is the frequency at which the loop VCO
operates when not locked to an input signal,
The range of frequencies in the vicinity of
center frequency, over which the loop can
remain locked with an input signal (see Fig.
1-2). It is also known as the tracking range
or hold-in range.

The product of the d-c gains of all the PLL,
A loop property related to damping and
natural frequency which describes the effect

ive bandwidth of the received signals.

Low-Pass Filter { LPF) -A LPF in the loop which allows only d-c

and low frequency voltages to travel around
the loop. It controls the capture range and
the noise and out-band signal rejection

characteristics,




Natural Frequency -

Phase Detector -

Quadrature Phase
Detector (QPD) -

VGO Conversion Gain -

Voltage Controlled
Oscillator (VCO)j -

~put of PLL signals, and produces an error

The characteristic frequency of the PLL,

A device which compares the input and out-

voltage which depends upon their relative
phase differences. It is also called phase
comparator. A multiplier, or mixer, is

often used as a phase detector.

A phase detector operated in quadrature (90
degrees out of phase) Witl;x the loop phase
detector., It is used primarily for AM
demodulation and lock detection.,
Thevconversion factor between VCO frequenit
cy and control voltage in radians/second/

volt,

An oscillator whose frequency is determined

by an applied control voltage.




Z., FUNDAMENTAL CONCEPRT

In this chabter, the basic equation governing the PLL is devel-
oped. The first analysis is based on the noise present in a sinusoidal
input signal. This essentially follows the work of Jaffee and Rechtin
and also rViterbi 3,101,

2-A, Basic Systern. - A basic block diagram of a typical PLL is

shown below. The input is assumed to be 2 sinusoidal of the form:
£3,4,61]

s{t) = A J2 sin [wot.+ o(t)3 | kZ- 1)
where A = rms voltage amplitude of x(t).

w = frequency of the VCO when its input is shorted.

©{t) = the input signal phase process.

If the input signal is contaminated with white Gaussian noise
(WGN) with zero mean and statistically independent to each other,
the input signal and the noise become additive.

x(t) = s(t) + n{t) = A N2 sin [w_t + 8{t) ] + n(t) (2- 2)
where WGN has the following statistical properties:

n(t) = J—?:nl(t)cos wot + Jrinz(t)sin Wo(’c) (2- 3)
and the spectral density is given by 09 J

snl(;f) = sn?_(f) =NO/2 (2- 4)
and the autocorrelation is given by {see Fig. 2-2)

Ry, (=R, (M) =N §(n/2 (2- 5)

The signal input is multiplied by the VCO waveform




v{t) = K, ﬁcos[wot +8(t)] (2- 6)

A
where &{t) is the loop estimate of 6{t) and Kl is the rms output of the

VCO.
s{t x(t) - L Loop z(t)
N2 ” Filter F{s)
n(t) v(t) | e
VCO ‘———é—}-*
Fig. 2-1. The Basic PLL,
5_(f) R_(7)
No No
5 'é—'é('s‘)
f i e
(=) {b)

Fig. 2-2. White Noise. {(a) Power spectrum; (b) Correlation function
The results of this multiplication, the error voltage is

eft) = s(t)v(t) = 28K, sinlw_t+0{t) Jeos(w_t+8(t))

+ 2K {n_{t)cos w tin_{t)sin w t)cos{w t-ijé'(t))
11 o 2 0 )
A
= AK | (sin(8() -0 (1) Jrsin(2w_t+8-(948(0)
+ K {t n-@(t K. n {t)si 5(':)
S Yeos )~.>1n1 Jsin
A A
{B)si v K - y 2.

+ Kl;nz{t)sa.n(Zwot H-{t)) +K 1112(t)cos(ZX;voi:’%‘-Ef(tf ) ( 7)
The multiplier and the loop filter remove the double frequency terms.
For clarity, the filter and mwltiplier are shown separately. The
multiplier has some gain Km, and hence, the actual output of the

phase detector is




e{t) = AK_K sin §(t) + K. K n(t) (2- 8)
1 m 1 m
where n'(t) is also WGN and based on
n'{i) = nl(t)cos *@(t) + nz(t)sin é-(t). (2- 9)
The guantity @(t) = &(t) - é(t) is called the true phase error,
The VCO output frequency is a linear function of its input.
ty=w +K =z{t) +K -
wv( ) v, v z{t) & (2-10)
whete Kv is the VCO gain in radians/volt-sec,
Consequently, VCO output can be written, omitting e for the present,

t

( Kv z{u} du (2-11)

&(t) = )
e}

One can write differential equations {DE) in a compact form by intro-

Loatesle

dicing the Heaviside operator p =d/di¥,
&) = K_ alt). (2-12)

e

P
Substitution for z{t) yields

8 = K,K_K FF()-E) [A sin () +0'(t) } -  (2-13)

It is convenient to define the open-loop gain of the looup,
K=K K X (2-14)
1l m v

A
and to substitute & = ¢ - §. This produces the characteristic equation

which describes the dynamic behavior of the loop in the absence of

* Note that x{t) and v{t) are really 90 degrees out of phase with one
another. The input has been written as a sine, and the VCO output
as a cosine. The two phase €{(t) and *@(t) are referred to the quadra-
ture references,

t

* Exampler L) - [ %(t)du then px() = x(1).




noise;

&(t) = §(t) + AKF(p)  § sin @(t) + n't) - (2-15)
P A }

A
or #t) = AKTF(p) { sin ${t) + n'{(t) }
P

where once again
B{t) = Input signal phase,
A
F(t) = &{t) - &{t), phase error signal,

&(t) = Phase estimate generated by the VCO,

A = Input signal amplitude,

K = Loop gain,

F(p) = Transfer function of the loop filter.
P = Heaviside operator, p = d/dt,

The loop crder, L, ia:
L =m+1
where m = number of poles in the loop filter transfer function.

Under the assumption that the phase error, €, - 52 is very small

1
n{t) may be set egqual to zevo¥, and then
sin 6=z -6,

The linearized version of {2-15) becomes

= p + AK . |
&(t) = p +Ap Fo) g, | (2-16)

* Whenever the phase error goes through 2Wradians, it is said that
the loop has skipped a cycle, and whenever the phase error never
varies outside an internal of size 27 radians, it can be said that the
loop has locked, If the loop is capable of reducing the phase error
to a small encugh value, say 1¢1< /6, then sin §= ¢,

10



TBypically, tthe linputprocess coonsistscaf modulation, and of
gppley ¢ dwe tto tthee wraididlroudtioncdfithe sspacecraft relative to the
rorvound tradliing setation 8,151,
| W) =) +dd(t) (2-17)

wWiraxe

rrd ) =rroddlation, s¢tdtbomazywithzzerormean.

adf}) = Dopplerssiiift, rmon-sstationary,
Resarrzngertentooi{(2--116) reesiits
er) = e P

o+ AAKE ()
canid ssikba titutionifori{t)syields

o(t)

0 6y) == - i)+ o cd(t), (2-18)
o HARKE (p) pHAKE () '
e sddsove cogudtions sstthatithereaarettwo:kinds of errors present

pintthellagp: tthewerrordduettotthermaodulationiis ¢ alled phase distortion
pand ttize reeradaining cervar duettosaddapptersshift on the incoming carriey
55 ced lbeidttradking sorror.

TEhe ssteady sstatettrackingeerrorceantbecdetermined by the final
ved e tthreoremods Hazplacettransfarmitheory.

IH{p) == LT L],

}:] (2-19)

TBohlzeedffadtive, tthellogpmusstibeddesigned to track whatever

s Dgppteritsithechhangel inttheodlgerved frequency of a radio wave
ceausedihysattinrerratecofcchangeiini theceffective length of the path of

trrave lbbétween! the ssourceaand thevpointcsfrobservation.,

11



variations d(t) may have, so the filter F(p) must be
properly chosen,

The doppler shift can be expanded in a Taylor to
obtain [ 8,157,

a(t) = g +0 t + A tTH =—mem + X t (2-20)

where ﬁo = Initial phase offset of the incoming signal
from the free-running VCO phase.
2 = Frequency offset of the incoming signal from

the free-running VCO frequency.

Ab = Doppler rate of the incoming signal frequency.
X, =n the time derivative of the incoming carrier

phase @
Dilp) = & /p + 51 /p2 + ﬂn/pB
' o o o

This produces a s;eadynstate tracking error given by

g = lim za — Q + + }/4
S8 pesro | prAKF (D) | [ o -i;_} gﬂ
v P p b
For a first-order loop Fip) = 1.
g__. = linm gp+0_ +A4 } - (2-21)
e m B 3 [9p 2, 4]

it is interesting to note that {2-21) becomes
=00, A # 0
Beg)= 0,/BK, Ay =0
= 0, Ab = Qb = 0
The error is not bcunded-if,&oﬁﬂ.
7]

if,Acj = 0, The loecp will track any initial phase

g5 CAN be made small by adjustment bf the lcop gain

12



offset 9—0 with no steady-state error if ﬂo =0,

2-B. Lock Acquisition 2,3, 12, 141, - Assume only the d{t) term is

present. For the first-order loop, the loop can track a function of
the type
= ’ =221
o(t) (30 +n,ot, | (2-22)
Whenever T is small enough that @{t)a.0;

04
AK

g
6 ®

(2-23)

For ﬂo is large, one can go back to the loop equation {2-15) with F(p)
= 1.

(t) = 0(t) + AK sin §(t)
P

Differentiation vields the following:
&(t) = B(t) + AK sin §(t)
o-(t) =D.O (2-24)
.('),0 = g{t) + AK sin ¢{t) (2-25)
The frequency error is given by ;J(t) =N{t). A phase-plane
Vdiagram. of first-order lock~in can be constructed from (2-25) (see
Fig. 2-3), ¢ will have reached its steady-state value whenQ =0,
This point is stable, since after small perturbation of § in either'
direction the system will tend to return to the stable point.

It is clear from Figure 2_73 and {2-25) thatq(t) = 0 at any of the
following values of QS :

S

§ =nw= sin”1 (n /AK) n =40, +2, ===
ss o =t e

13



-]

W =+ rrtsdin T D/ AAK) m==+%1, ~B3, ~—==

555 0 — ¥
[The sdteady-sstatephagecerroritsvwiittenmrerelyl DE5,:1617

-1, , '

W =s3tn  ((0/FAK) (2-26)
se58 0

; Y fsed) =A0K =222 W LEgps
@ (fradfeed) = MK =22 "W il{eps)
e e YWiliiks tthre Ltagprmotsee beandwidth.

TPhe ppdlldinttinmrernsayad isobbeddétermindd from{{2225).as follows

“ore cganweite

el

/
7

(2n-32dy 2Znm (@2nididy  (C2p£2)w

g, 23, HRisdt<order ILogpiRaliiinfRehavior.

@Y =1V /5, - #AK 8 | (z-27)
[1Thks coanthelintegrateditoggivet theppilliint timeet boaanyprparticular value
df 0, thut, ssineetihreddemominatoradbovevvanishesaatitheidock=in point,
ban itdfinitettinreits reeg i::eeid?hé:ﬁcme(:(g.o::{m . FHowever,iifiit istagreed
tHedttthe llogpifsiinlloddovibenever | §§--00dakl K §8da&k, ttheccorrespond -
g ttinreiksfiinite, Thhermrakimumiiineer vgquirddidonathieveilock,

s pgred teld thive e s iitaont Himze , wwillobet thatttinnerrequired for the
sgystemtbtoppasst fmm—:'n*—é loek--s %}h£4 g}(%lé/ LERK St bos ésa'aﬁ—1E 1‘1(%) o /AK) -§lock.

WiHrenttre vedweod £ S dobki sssemal], thhe aanswerreddueestdozapproximatel

ttearcg. = 22 In22__ (4sel) | - (2-28)
A&Kcmsﬁags sddokk '

14



For example, if a loop is designed so that Gss = 5 deg. when .
o is 100 Hz, and lock is taken to be 5 deg., then the required pull-
in time is approximately 1 msec.

2-C, Acquiring Lock in The Second-order Loop With Passive Loop
Filter,

The second-order loop in most widespread use is one in which
the loop filter takes the form (see Fig. 2-4, below),

Fs) =1 -l—'rzs {(2-29)

1+ 'rls
The equation {2-15) becomes

&(t) = ¢{t) + AK(1 +71.8)

—--—-—-——-———s(l " Tls) sin @(t) ‘ (2-30)

{’T152~+s)6-(t) = (’rlsz+s) g{t) + AK(1 + ’I‘Zs) sin §(t).
A second-order ;filter can follow a phase function of the type
o(t) = f}o +_Q_0(t)
.ﬂo(t) = a + 'Tl'd + AKX gin ¢ + AK ’FZ cos (Z'EB'
=T1b.+(1 +AK’rzcos @) é‘ +AK sin ¢ . (2~31)
The steady state phase error st is tbe same as for the first

*P

loop, since § =4 =0,

Ry

T =
RZ 2 RZC

¥ig. 2-4. Passive Integration Loop Filter,

15



N =AK sin §
o ss

-1
¢ =sin " )n /AK) (2-32)
ss o

The loop can lock if AK > no, but the phase plane trajectory that takes
¢ to ¢ss is not the simple sinusoid, and it will take the solution to

(2-31).

To simplify, the substitution can be made:

£ = dg/dt
g=a0_da. dg_odo X
dt  d¢ dat  dt’ (2-33)
This produces the phase plane trajectory equation
N = da
) (’1'1__+ 1+ AKT,cos #)Q+ AK sin . (2-34)

d¢ 2

.By integrating (2-34), Viterbi has derived a necessary condition
on,r\_o: If lock~in occurs for all initial conditions of the VCO, thenn
. o

is bounded by

EXEE [(%5—) (1+1/2 AKT,) ] 1/2 (2-35)
1

and the time required to achieve lock is given by 8,147

2 1/2 2
- . = z‘n‘ 2 V
T WL

where r = AK TZZ/TI’ and WL is the loop bandwidth.

2D, Tuning The VCO. - One can write the effect of the tuning voltagg

from (2-190),
W () =W_+Ke+K Z(t). (2-37)

The equation, above, can be treated as (2-15), except for a term Kve t

subtracted from €(t),
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&(t) - K_e =a(t) + AKF(p) sin §(t) (2-38)

The lock-in points now occur at

. -1
(Jss =sin (o -Ke) (2-39)
AK

By the proper choice of € , the steady-state error can be made zero.

This value of € is clearly
e =0 /K ' (2-40)
o v
In the first-order loop, theacquisition time with the foregoing value

of € becomes

tacq., =, 2 . In 2 . ’ (2-41)
(AK) 6SLock)
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3, THE LINEARIZED ANALYSIS OF PHASE-LOCKED SYSTEMS
WITH STOCHASTIC INPUTS

If the level of n{t) is sufficiently low, and if the loop is designed
properly, the phase error §{t) should be very small (g 300). Then
one can justify that the loop can be analyzed linearly.

3-A, Linear Loop Analysis, - In such a case, the approximation

sin § = 4§, (3-1)
when inserted into (2-15), yields a linear equation relating the loop

input and output

&(t) = AKF(p) [0 +nlt) .
P [ A ] (3-2)

N
since § = 6 - &

A A
&(t) = AKF(p) { & - F 4 i)
P A

A
mt){ 14 é—%’m } = %{ﬂ [ AKS + Kekt)].

A rearrangement of the above yields

8(t) = AKF(p) [ &(t) +nft) 7. (3- 3)
pHAKEF(p) A

The output phase is the result of a linear filter acting upon the
input phase process ®(t) immersed in a normalized version of the
loop noise, with the normalized factor in this case being equal to the
rms signal amplitude A, The linearized model of PLL may be repre-
sented by the block diagram of Fig. 3-1, on the following page.

The closed-loo'p transfer function H(p) of the PLL relative to

the input signal €(t) may be written by inspection from Figure 3~1 as

18




H(p} = &(p) = AKF(p)
&(p) pHtAKF(p)

(3- 4)

The overall loop transfer-function is related to the loop-filter
F({p)} by the relations

¥{p) =___p H(p) L (3- 5)
AK L1 - H(p)]

As with any linear filter, H(p) = H(jw) has some effective noise

bandwidth WL, which can be written as L 93]
s 1 © 2
WL =2BL= — | H(w)| dw (3- 6)
2m
-00

where Wl is the two-sided loop bandwidth (in Hz) and BL is the single
sided loop bandwidth, Note that the carrier passband has width 2WL,

A rearrangement of (3-2) relates the phase errcr to the input

processes:

gt) = [1 - H(p)I &(t) - Hip) n(t) . | (3- 7)
A

The first term of {(3-7) represents distortion due to filtering., € (t) is
affected by the doppler phase shift d(t) and the modulation m(t) as
shown in the {(2-17). The iast term represents the phase error due to

the presence of noise at the input of the loop.

o)+ I Filter
g " Kle Y 1 F(s)
A
o
VCO Equiv. mF
K /S ’ +
v VCO Noise

n (t)
v
Fig. 3-1, The Linear Baseband Equivalent Model of PLL,




The total mean-square phase error E{(Zgj is given by

ELgA =l + $¢° + &g° : (3- 8)

The first term represents the transient distortion due to the
Doppler shift, the second is modulation distortion, and the third .i.s
the mean-square phase noise. The last two, being stationary, can be
computed by using inverse transformation of the power appearing at

the filter output £ 91,

d) V .
Saz = -E%n- f [1- H{(jw)| § =x(jw)dw (3- 9)

The mean-square phase error is defined as

4= [Iuw) sEo 52 (3-10)

—

where g(%'—»)(w) = Nb/ZAz

2
9% = (15 1 7 g
TS seen 2
2A2

The integration term is exactly the same form as {3-6).

2 |
dg° = N WL=N_BL (Radians) (3-11)

2a% A%

Thus the mean square phase error due to therrnal noise is equal to
the noise power to signal power ratio in the loop bandwidth. Since it
is known that Az ig the power of the signal entering the loop, NO/Z is
the two-sided noise spectral density in the loop, and WL is the two-
sided loop bandwidth.

3-B, Passive Integrator Loop Filter, - In practice, the carrier-

tracking loop filter of most widespread use is one in which the filter

20



takes the form (see Fig., 2-4),

F(s) =1 +’T2
1 +'r1s

s

For this case, (3-4) becomes

H(s) = 1 +'Tzs A (3-12)

14 T2+1 /.z“snK)s-}—(’]"1 /AK)S2

If the loop damping parameter r is defined by

r:AKE2=4TZ

(3-13)
Tl

| where ¢ is the loop damping and it is assumed that r 'Tl >> Ty {to makg]
H{s) appear to have a pole at the origin), then the equivalent loop

noise bandwidth can be coraputed from {3-6).

r +1 1

§
+

WL = - {3-14)
; 2
The locp transfer function is then
1
H(s) = 14+(Cr + IJ/ZW ) s — |
14+ (Cr+13/2Wh)s +{Lx+13/2WIL) s~ {3-15)
and the systemn damping can be computed from (3-12
T2 R 172 |
S =1/2(1 +’;’q—i“— ) . 1/2*}*&5‘"-
, . . 1/2
wa= AKy1/2 _20wr | x 7 (3-16)

where Wn is the natural frequency of the loop.
For r = 4, critical damping {§ = 1) occurs, and for r >4, H{s) has

two real negative poles. For r<4, H(s) is underdamped. It is

commnon practice to design the system with a damping factor
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3=0,707, or r = 2, iﬁ which case the transient response phase
error criteria would be optimum,

For example, consider a 1IM-Hz clean-up loop for Mariner-
Venus 67 ranging and occulation experiment design, It is assumed.
that the following parameters are set: 'I"l = 7600 sec, T, = 124 sec,

v and AK = Zsecnl, The loop damping ratio, the natural frequency, '
and the loop bandwidth can be found by use of {3-~13), (3-14) and (3-16)

S = Wn 1 . 1[AR . 1. _ N
T(Tz +X§") =5 -;]-_-; (T‘z +Kf<) = 1,0 Critically damped

Wn = !»“-\‘«5 =0.01622 sec
L

*+ 1

W =y, o)

= 0,02026 sec“‘l
2
where r = AK’?‘Z /"rl = 4,0,

2.0, Perfect Integrator, - Whensver an operational amplifier is used

in the loop, the loop filter can be computed from (3-4) and the active

filter transfer function {see Fig. 3-2).

R, ¢

"!’1 = RIC
nver ——O eo

o~ = p

2 RZC

Pig., 3-2, Active Filter,
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F(s) = A(sT, + 1) (3-17)
1+T, (1 +4)s +’Tzs2'
For large A
Fls) _1+7Tys - {3-18)
T8 |

1
This loop filter gives the same response as that given in {3-14),
{3-~15), and (3-16) when r’i’l 5> Ty the loop with an imperfect inte-
grating filter (3-12) performs very much the same as that with the

perfect integrating filter (3-18).
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4, LINEARIZED ANALYSIS OF TRACKING FILTER

The term '"tracking filter' has come to describe a phase-locked
receiver which is used either to track the carrier component of the
incoming signal, or to demodulate its information, or both simultane

ously.

4-A, Optimum Filter For Frequency and Random Phase Offset,

Jaffee and Rechtin defined the total phase error, denoted by

Bl%,], as
2

: 2. .2 _ 2 (2
EL§.1 =X"€., +5¢ +é¢ 4- 1)

in which }\_2 is a Lagrange multipiier, a design parameter related

2
to the bandwidth of the loop. The term &,, is the total transient dis-

T
tortion, which is given by the equation
2.1, L'*“ - H{jw) | > EL D(w) D(-jw) ] . (4- 2)
T 2w ’

Minimization of E [ G,sz,] by choice of the loop transfer function

H(s) specifies both AK and F(s). But the question now is, '"How does

one choose H(s) to minimize E[ (ZT q 2" Jaffee and Rechtin recognize
2 2 2 . . .
that ) € T + 87 could be computed by replacing Sx(s) in {3-9) by

2

d

AEL D(S)Il‘_(—s):l +Sx{s). This led them to the conclusion that
EL Q;] is minimized whenever L{s) is chosen in accordance with

'the Weiner optimization technique, which yields the Yavits-Jackson

formula,
1/2
L (8) =1 N, A
°P Fs(s)1 ¥  (4- 3)

S(s) = 7\Z_E [D(S}D(fs):j + Sx(s) + NO/A2 .
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The brackett 3 refefs to a type of ''square-root" factoring of the
enclosed function, retaining in [ J+ the left-hand-plane poles and
zeros of the enclosed function only; singularities on the imaginary
axis are equally divided between [ j+ and its mirror image [ 3._,
The optimum tracking loop design is to provide the best filter
to track a given doppler-phase polynemial d(t) of degree N-1, It 1:>

assumed that modulation of the carrier is absent. The form of D{s)

is then
o .
D(s) = o _}_‘(E_g - ___ = Qs (4- 4)
s 2 N
s s

in which the degree of Q(s) is less than N. The filter specified by
{4-3) is

() =1 - _ + (4- 5)
AN ELQ()Q(-5)] ]

The second-order example of loop optimization occurs for
dit) = {-}0 + Qot, where 9‘0 is a uniformly distributed random variable
2
over (-7, ) with variance o /3. To find HopT(S)’ one can insert

N = 2 into (4-5): The denominator is (4-5) is

¥ 1/2
[4 Aalw? 2 Eafa? ) _2 (A2A2w2+z>\Ano )

SN 0 T2 TsN —2, ) ®
o) ° N
o]
prAS (4- 6)
N 1/2
(o]

The natural frequency is thus
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Wn? = a Aﬂo

o
The optimum filtering function is given by
§(2Wn2'+ TTZWn4 ) 1/2+Wn2
H {5) = 302
opT o) 8
2 2 wlwat L1/2 2 -8
s + EZWn +§‘5';2‘-“' s + Wn

Comparing (4-5) with {3-12) and (3-13), one can optimize the

parameters:

2
1 'NZWnZ 1/2 Ly
T, = wa L2t P 172
30 a [3r(xr-2)]"
O (o]
2 .
n
anzAK _ 304 (r -2)
'Tl o 2
T = 2+‘!‘T2Wn2
30 2
O
WL = {z+1)n - . 1/2 (4- 9)
wr o L2 37

It is important here to note that r must exceed 2 in optimized loop
design,

The Jaffee and Rechtin e?iaxnple using 60 = 0 produces a result
somewhat different from that above, This corresponds to the case in

which the loop is initialljr tracking with no phase error.

TZ = JZ2/wn 3
2
Wn = AK/’TI
when -&O =0 {4-10)
T =2 {so %=0,707)
_ 3Wn

WL - Z-Tfi)!/z
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If the loop is optimally designed to lock onto an .Qo appearing at
the bandwidth edge (J‘LO = 2% bL), the proper values of r can be com-

puted numerically from (4-9)

T = 2,282

¥ =0.755

‘Tz = 1,643/WL

Tl = 1,180

YR wL2 . (4-11)

The corresponding optimum loop transfer function is given by
(s) =1 +(1,643/WL)s (4-12)

opT 14(1. 643 /WL)s+(1, 18/"«VLZ)S2 ’

If there is a small Doppler-rate term A 0' (rad/se,cz) in d{(t),
the loop with F{s) = {1+ T, s)/ ’Tls has a steady-state ervror
L) 7

ﬁSS(Doppler rate) = A 0Ty /10 -{r-i-l)%rad) . {(4-13)

AK 4r WILZ
When the imperfect-integrator loop filter F{s) = {1+ 'Tzs)/

{1+ TIS) is used, there is a steady-state growth in phase error

GSS(Dopp}_er rate)e—s= Ao ¢ = Ao('r-.Ll)z(

, : ) {rad). (4-14)
AR 4rwL? )

-?irf

1
These_ values are minimized, for a fixed ‘WL’Z and ’Tl, by

choosing r = 1, Pararneters must be chosen to maintain less than

\*24

about 30 degrees error in the loop. The r between 6 and 10 minimize
the effect 8 of VCO noise, where as a vé.lue of 2.282 minimizes the

total phase error in tracking a frequency offset, and r = 1 provides the

best Doppler-rate tracking capability, Representative types of




transient behavior are illustrated in Fig. 4-1 [ 10, 157].

a), Ideal integrator, frequency step,

slope =_Q.o :
o \

©
J

o —>
zero steady-state =
/,A error
©
§ -

b), Passive integrator, frequency step.

e |
f |-
’ﬁf.
1
e, j755:;’?39-
8

c). Passive integrator, Doppler-rate input,

2

1 0= _+0 t+ At

oo

B~ + Ao t
55 72 BAX

t —

Fig. 4-1. Response of Second-Order Loop to Various Inputs,




5. NON-LINEAR ANALYSIS OF PHASE-LOCKED LOOP

If the loop gets sufficiently noisy, and if the linear representa-
tion of a loop is not predicat‘ed on high SNR's, the significant accuracy
of linear analysis is lost. In such a case, the approximation sin ¢ =
¢# (3-1) is not made.

Tikhonov 11,12 and Viterbi were able to solve for the exact

steady state behavior of the First-order loop by Fokker-Plank tech-
niques. It has been shown that for First-order loops, the steady-
state phase error probability density function of the modulo 2 (see

Fig, 5-1) is

_ exp (p los @) <
P = S ) 19/ sw (5- 1)

where p is the SNR in the loop bandwidth and

(5- 2

sin ¢

T T

2% I

Fig. 5-1. The Modulo 27 .
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where Io is the modified Bessel function of zeroth order, The equa-
tion (5-2) somewhat resembles a Gaussian distribution for large

SNR, and becomes flat as p approaches zero (see Fig. 5- 2)

The zeroth-order modified Bessel function is given by
o :
Io(P)~(z‘;,%)Er/z | (5-3)
and (5~1) becomes

exp( p{cos Q-I)J
(Z‘T/p

p(d) ~

Expanding cos ¢ in 2 Taylor series, one obtains

o) o expL{-pd®/2)(1-20%/48 +20°/6 (...-1]

@ /p)

For large p, p{@) decreases rapidly with §

2 2
0712 &9
pl{d) = 7 (5- 4)
(27 /p)
4,0
2
p(d), =A% /(NoBL) ™~ p= 100
3.0
2.5
‘ 130
2.0
1.5
1.0 , 3
0
0.5 jr
t = } S S——
0 _o.87  -0.4x 0 0. 4w o.8w  #, rad.

Fig. 5-2. First-order Loop Steady-state Probability Densities,




Viterbi has shown that the variance of § can be obtained by

) w

ég° - f o) d o

= m f fl eXP(,O cos ) d ¢

w 2 %ﬁ
S - 0°[ Io(p)+2 Zy In(p) Cos ng1d ¢
2wIolp) /-3
2 00
. ( 1) In(p)
) v 200 S (5- 6)

Note that as the SNR 1 approaches zero, the variance
2
approaches T /3, which is the variance of a random variable that is
uniformly distributed from -1 to +w.

5-A, Cycle Slipping L16, 173, - A PLL "slips a cycle' when the

,L

1 magunitude its phase error process exceeds 2 radians {see Iig.
5-3j. The occurrence of a cycle slip is a random event depending
on the noise in the PLL and —ﬁ“le deterministic phase error, and intro-
duces errvors in Doppler tracking. Actually, there are two different

parameters describing this event; the mean time to first cycle slip,

and the average number of cycle slips per second.

slipping cycle

stable stabh, stable

[leckpoint 7N / lockpoin lockpoint
h\ /

-2w o w 21
0

Fig. 5-3, Stable Lock Point and Slipping One Cycle,
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The mean time to first cycle slip is defined asthe average time

the phase error takes to go from 0 to +2m radians, Lindsey[13]

has shown that : 27 ¢ ¢
2, |
TWL (2w/5 )~ () £- J [c-u(x)] exp[ulx)-u(gjdxd
© Y -2/ 2w
(5- 7)
21
where f exp [ulx)]dx
[
C = 27 . (5- 8)
J expl[ u{x)] dx
-2
and
= Ly 2 Mo
u{x) = -( r )pbosx:é%—_ X -“QAKX (5- 9)

| where T is the mean time to first cycle slip, and ulx) is the unit
step function,
The probability of losing lock in t seconds has been shown by
Lindsey to be given by
-t/r

P { slipping one or more cycles] = 1 - ¢ {5-10)

k
P {K slips in t sec} = {t/r) exp (-t/7) {5-11)
K} :
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6, PHASE-LOCKED RECEIVERS

6-A. Double Heterodvne Phase~Locked Receiver. - Phase-locK

loop receivers bf the double-conversion heterodyne type
are employed by the deep space instrumentation facility
(DSIF) and compatible spacecraft. The DSIF receiver configH
uration is shown in Figure 6-1., These receivers operate at
S~ and X~ band and utilize aﬁtomatic gain control {(AGC)

and a PLL preceded by a bandpass limiter. The heterodyne
design is employed to translate the RF signal down to a

ffequency for which stable phase detectrs can be built,

AGC is required to provide a signral whose amplitude is -

withinthe dynamic range of the amplifier stages. The band-"
passlimiter minimizes the total mean square error of the
loop over a wide range of input SNRs,

This receiver combines the advantages of two separate
intermediate~frequency amplification(IF) to produce high
gains with those of the PLL. Such a receiver can operate
at very low signal levels with a great deal of stability,

precision, and reliability.

The tracking portion of the receiver operates as
follows: The input is assumed to be
x (t) = 2A(t)cos(w_t+8(t))+n_(t) (6- 1)
o o )
where A(t) is a slowly varying rms signal amplitude and
no(t) is a wide~band noise with density N The input is
mixed with a multiplied-up version of the VCO output, so

the first IF output process is

33



Free
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Fig., 6-1. DSIF Receiver Cenfiguration.

Frequency
w Multiplier
XM
eg
AGC - Syne '
Deg.

Amp &} & Amplitude b= ;OS €8+ ia
Filter | Zage Detector

(t)

: Predetection | Second Band-pass 1 g
» = Filter H{s) I Limiter —*QQ
Mixer X0 1 PET

Frequency _ ,“ ' Loop
' Z
Multiplier PR vco |[L2H Filter -
XM F(s)
e

5C



. = ¥ 2 & . ' ROPWAR
xIStF = KIFZCOQ (wy t+6~0)+n, (3] (6= 2)

vhere wl = W

O

- Ve KI,is the first IF gain and w, is thg
'

first mixer heterodyne frequency, M times VCO output fre-
quenc ¥ The first IF frequency is

fl o= Wl/ZJ; = (Wo - Wh.)/Z‘TT (6-- 3)
The output of the second IF amplifier is

KIglgﬁh(t)cosZ€wlcwh)t+9—9+91}+n2(t)]

Again, the second IF frequency is
fz = w2/2ﬁ‘= (wl-whg/ZW  (6m 4)

If each of the IF amplifier's bandwidth are known, the
overall IF bandwidth can be computed by

V.

E(? ld
N = % LIHEj(w+wh)ﬂ?;§F(jw)32dw (6~ 5)

. ETRER”
!H {:3 (w.g-wh Yivd JW) ' max

so Wy is essentially the wﬂ(second IF filter H{s) noissg
bandwidth}.

*
The first IF is controlled by an AGC voltage, and thae

*
K., K. can be set K X, = 1/A (adjusted receiver attenua-
I I, I I,
tion factor}, so the second IF output is
x{t) u\ﬁAcos(w2t+9~§+91)+ni{t) : (6- 6)

-

where n,{t) is the loop input noise, volts. This voltage

linits are + L volts. The limiter mean-~square output is
2 . . R
constant at L%, of which 2(2L/ﬂ')2 lies in the frequency

zone about £ A signal component 1s present whose mean-

2-’
square value is 2(2Ld/ﬂ)2; the factor x? is then a signal

The €irst IF has much wider bandwidth than does the secord,

Lpower suppression factor, with 0£A<l. The remainder of the

will be applied to a band-pass limiter whose saturation |



limiter output in the IF zone is noise; it has total powen
2(2L/ﬁ)2(l~d?)o The limiter output SNR/QL is a function of
« only 15,8,10,15,22 & |
A, = a?/(l*ag) (6~ 7)
The limiter output feeds a phase detector in which
reference input is the free-running oscillator used to pro-

duce the second IF frequency; i.e., for some fixed 0

2!
v3(t)rxﬁsin(leh§+M191~@2). (6~ 8)
The detector output is
. L R A
y(t) = Kd(“Sln%Iwo_th(l+M1)“hgt+g'g+
1
(1+Ml)91+ng+n(t)). (6 9)

The constant XK, is the gain of the detector, When the loog

d

is in lock, the.multi?liednup VCO output must have as its

freqguency A

wh’= v {1 o+ Ml)whz° {6-10)
The value of the IF frequencies are thus directly related
to fhz

fl = (1 + Ml)?hz £, = leh; (6~-11)

The heterodyne signal coming into the first mixer
from the VCO through a multiplier (M) will be

A
vit) = cos{ Wyt MK K Fp) sin(6-6 +{1+M,)0,

h.|
+%2)+n(’t) 4+ MKVnV(t) } (6-12)
. —r

{where Kv and nv(t} are VCO gain and equivalent VCO input
noise respectively. The receiver estimate of the incoming

phase function 8(t) is given by

* See Appendix A for a synchronous detector AGC loop.
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6 = oK K MF(p) (sinl[0~- Q+(1+M )O (t)+Q (£)J4n(t }
o<
p
+ MKV
?nv(t)o (6-13)

If the detector output error 929—54(1+Ml)91(t)+02 is small
the loop estimate is

A
0(t) = «K K HF(p) (Q(t)+1}_§§;}+(l+ml)61(t)+92

p+aK 4K MF(p)

+nv(t) } N (6-14)

AKdL(p)
The term (1+M1}61+82 represents a heterodyne noise present
in the loop.

The AGC detector uses a 20 degree shifted version

ﬁ”'xlwh'ta derive the stabilized amplitude of the signal;
2
the input to the AGC filter and amplifier is
S 2K -
C(t) = cg + n&D[cos 7 + nACC(t} 3 {6-15)

A
where eg is ths AGC gain {(volts peak out)/{(volts rms in).
The loop transfer function H(p) is given by

Hip) = xX K WMFF(p) (6-16)
P+ K NEF (p)

where F is the 1oép filter d-c gain.
Note that the above qu 1tion is exactly the same forn
as (3-4) with the parameter AKX replaced by
AK = K K MF (6-17)

So when the receiver is tracking, #= Ql-9+(l+M )91+02

is small. There are, however, some other minor differences
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between the signal PLL and the double hetrodyne receiver,

principally in the phase~detector outputs. It is necessary
a)

to distinguish betweeneﬁ = P-8, the loop tracking error,

and the ﬁ=9-§+(1+Ml?Ql+e the loop detector-error,

2!
6-B, The Costas or I-0 loop [5,18], - In the Costas loop,

the phase of the data carrier is extracted from the
suppressed carrier signal plus noise by multiplying the
input voltages of the two phase detectors with that
produced from the output of the VCO and a 90 degrees
phase shift of that voltage, filtering the results, and
using this signal to control the phase and frequency of
the loop's VCO output (see Fig, 6-2),

Let the receiver carrier be denotad by

yit) = &J2 m{t)sin(y t + 9) + nit) ' (6-18)
vhere m{t) = + 1 with symbol duration T seconds, but the
wideband Gaussian noise process {two-sided spectral
density of NO/ZB be represented by

n{t) =J§h;(t)csé(wot + 83) +f2 né(t)sin(wct +8) (6-19)
where the spectral density of ni(t) and né(t)'is equal to
No/za'At the rhase detector output one can wfite

= {n(%)] nit)ysin{w_t+ elw_t+B
zc(t) = {a(t)+JZAm{t) 1n(:Dt+80)}{J§£c“(wot+8}}

L}

A A
{hit)f?écs(wut+8)+2Am{t)sin(wgt+89)ccs§w0t+8)}
= 2ni(t)cos{w t+8)cos(w ++8)+

] G o s
2nt{t)sin{w t+B)cos{w t+§)+
4 o] : Fo!
£ 2 - A
2Am\t)51n(wot+8°)cos(wgt+8)

A A
9 {c o -
= 2n1(t)1cos(wgt+8 w ot 8) + cos{wot +E+wot+8)}
2




+ 2n’(t){sin(w t+8-w t=B) + sin(w t+B+w t+8)}
2 o o o 0
2

= Am(t)lsin(8_-8) + sin(2w_t+8_+8)T+
n;(t)L‘cos(B—ﬁ) + cos(2wot+8+§)j+ .
né(t) sin(B-a) + sin(2wot+8°+§)3. {(6-20)
The multiplier and the loop filter remove the double
frequency terms, For this case (6-20) becomes
zc(t) =[Am(t)+n2(t)]sin(9-§)+nl(t)cos(e—ﬁ).
substitute the phase error § = © - § into above,
Zc(t) =[Am(t)+n2(t)]sin g + nl(t)cos g. (6-21)
Output of the LPF one can have, letting G(p) denote
the Laplace transform of the impulse response of the LPF,
yc(t) = [AG(pIm(t) + n,(t)Isin # + n,{ticos §
where nl(t)‘and nzit) ars independent Gaussian processes
with spectral density NO/Z and noise bandwidth W (bandr
limited by filter ni(t) and né(t)).
Now the output of the coherent amplitude detector
(CAD) is given by
zs(t) = [n(t) + JEAm(t)sin(wot + 90)3'
‘[Jﬁsin(wot + )3
= Zni(t)cos(wot + e)sin(wot + 6) +
,2né(t)sin(wot + G)sin(wot + 8) +
2am(t)sin(w _t + Oo)sin(wot + 6)
= ni(t)csin(gne) + sin(2wot+6+9)3 +
né(t)tcos(@—@) - cos(2wot+9+§)3 +

Am(t)tcos(eoug) - cos(2wot+9°+§)l. (6-22)




zﬁ(t) = Am(tYcos@(t} - Am{t)caséaeot + 8 + a(t))
- ni(t)sind(t) + nf(t)sin(2w t + 6 + 8(t))

+ né(t)casﬁ(t) - né(t)cos(Zwot + 8 +. g(t)).

After the data filter, one can write

y (t) = [AG(p)m(t) + n,(t)]cosB(t) - n (t)sind(t). (6-23)

The stability of the lcop can bhe found from the
Costas loop transfer function. Since stability is a
function of the linéar system, one can temporarily let
all the noise terms equal to zero. In this case the
control signal, z(t}, is given by |

z(t) = AZEG(p)m(t)sinﬁ(t)][ﬁ(p)m-(t)cosﬁ(tﬂ (6-24)

The phase of the oscillator is given by

'—\\ —— - » vy f .," Id - -
0 = hmﬁkap) zi{t) {(6-25}
)
let K = K XK and 8(t) = € - g(t), one can write
8 - g(t) = KF(p) =z(t)
P
and 8 = §(t) + KF(plz(t) (6-26)
& (W}
Iz,
r.(t)=d2cos(w t+0)
1 vco Loop Filter] z({t
vi{t) ——yu : F(s) :
¥ , . »
90°
i, () [rpp
zs(tl (W} vy (]
CAD

Fig., 6-2, The Costas loop.
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For sufficiently small phase errors one can write
8 = F()+KF(p)A%(G(pIm(t)P(£)) (G(pImlt)). (6-27)
Cne can consider two cases V

Case I: B Wm«:B

L
With very low data rate compared to B;, the loop
noise bandwidth, one can have that
6 = (t) + APKF(p)G(p)@(t) (6-28)

and stability is determined by considering the closed
loop transfer function

H{p) = AKF(p)G(p) - (6-29)
p+A2KF(p)G(p)

Case Il1: B W >>B
m L

When data is present and g(t) is narrowband compared
to the spectrum of m{t}, one can have that (6~27) becomes

§ = #(t) + AZRF(p) (m' (£)12@(x) (6-30)
where

t
mn*(t) = Glplm(t) = IG(t =TI (7}dT . (6-31)
(o)

By approximation, replace [Iﬁ'(t)]2 with its mean
& = §(t) + A%KF(p)[n(t)1%8(t) , (6-32)
The Case I is iess stable than Case II since G(p)
adds at least one more pole to the open loop filter
function. In the second case, the effect of the filter is
te decrease the open loop gain by mz(t) which would be
nermally negligible._ln addition, note that when data is

present, if a sequence of all-ones or zeros occurs, the

Cxse I equation holds, The stability of the loop can be




found by a root locus plet of (6-30}.
One can now consider a phase error performance,
Continuing with the noise analysis using (6-21) and (6-24))

one can have that the contrel voltage is given by

zit} [(Am(t}+n sinfi ]

Ly 3
.‘rcsinﬁ+n1 cosf i (Am(t) +n, )eos@-n

2

2
= (Am{t)+n.,)
2

i

a;inl?}t:c:xs,”}.er1 (Am{t} +n,, Jcosfeosd

-n, {(Am{t) +n, ) ss::.r‘izs?ﬁ’»n1 2cos£§s ingd

= {(Am(t)-ﬁ-nz}zsirﬂﬁ -0 zsinZ_ﬁ + (Am{ﬁ)‘t‘nz)(1+cge'2ﬁ)

1
-n, (Am(t)+n2) (1-cos2@)}/2

= A(t)zsinZﬁ/Z + Am(t)nzsiﬁzgﬁ + n zsinZId/?.

2
- nizsinZG/Z + ni(km(t)+n.})¢032.ﬁ.' | (6-33)

From (6-25)

& - {{AZ/Z + Amn +n22/2 -rx,‘Z/Z)sinﬂZf + nT(Amivnz)c:osZQ}KF(p}/p‘

2

. A
Since 8. .= 8 ~ &

g = ﬁ(t)+A2KF(p)sin2ﬁf2p * KF(p){.ﬁmnz-&n 2,@’2 '-»nsz/’?_‘_) sin2@/p

2
+ KF(p) (Am.«t~n2)n1ca32ﬁ/p.

From (2-33)n= 6, ‘
8 = é(t)-i_»AzKF(p}sinZQVZ +KF{'p)[Amnz+n22/2 —ntz/ZJsinZﬁ
+ K!r"(p)(P;m«l;n?_,)n1 cos2f. |
A rearrangenent of the above yvields,

é(t) + F\ZKF(piéinZIﬁ/'Z = KF'(p)[{Ang-i»nzz/Z --n,Z/Z)sinZ;‘Zf +

(Am+r~e2)111 cos2@l +0. {6-34)

Now letting 2§ =% , and 2¢ =% p, one can write

Fp + AZKF(p)sin§ = KF(p)E(ZAmﬂZ + r'i,)2 “ niz)]sir@ +
=
2(Am + n2)n1c35§ + 25, (6=-35)1

I+ is not difficult to show that all the noise terms

to the right of the second F(p), call them N(t), have a
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correlation function given by

2Rn(-ﬂ] (6-136)

Ry(T) =‘4[Rn?(w) + A
From (6-35) one can write

Ep + A’KF(p)sind = KF(p)N(t) (6=37)
Again for small§; say /1/6, then (6-38) becomes

(p + AZKF(p))& = KF(pIN(t)

& = KF(p)N(t)

p+A2KF(p)
Multiply above AZ/A2 and
2 :
$ = ATKF(p) (NlE), (6-38)

p+A2KF(p) a?

(6-38) is exactly the same form as (3-4), sc that the

phase error can be computed from (3-11), Hence

2 . ] .
ds = §2LE£ {rdé.) : (6--39)
A4
30 2 2
where 2B, = lA‘KF(s) ds (6-40)
. B 2 T

3ol o a%kr(s)

where ZBL is the loop noise bandwidth of the egquivalent

loop defined by (6~35) under the assumption W>»B For

LQ

narrow band lcops, one need only consider the spectrum at

zero, so
)
. [ 6
sN(o) = No = J’RN(T)dT’ (6=41)
2 o

For an ideal low pass data filter of W-Hz {one-sided),

one can write
D

2, 20 (A
N,' =4 I[Rn‘(q) + A Rnf.)qu-

bt




- ‘ 2 o
N = m@zm + 2N A (6420
2
, Z 4
Henoe dg = Emmm“//&
= 4w B r:& + m:ﬂ (654D
2 2z L 2
Therefore, sineoe &= 2Z¥ ome can wariitee

where E[ET] indicates mean squame ghase ernalr,, Fox thils coes

(6-43) bhecomes.

& g}z W By P Lo+ WEo (TmR)) (6-412)

-—w(-m

For ithe case that the data £filter is & Yow pass ainglles

pole RC filter with noise bemiwidth W (W = I/4RC)., Gre c

find that T Z{fﬂ..

R (1) = N W e 4 (6455))
Ly |
S
WY o= ){1‘[1? “lar) + m?mm(rm) anr (6-453))
or W' = 2 W AZ 4 N_Zw (G
[0)] & [
2
thef:eﬁczm:@”
4 T e " (ROTRE feoWW, 3)
P P i B}L L 4 N W -(]{7 (RemER) (G-4m)
z&?‘ ' a2 -

Comparisom betweem (6~44)) and (&-<43) indicates thatt
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RC low pass filter réduces the variance from the ideal.
low pass filter with the fixed noise bandwidth.

Note that the Costas loop can be implemented with
integrate and dump circuits (matched filter with sanmple
and hold) replacing the LPFs in the in-phase and quadra-
ture-phase arms, thereby giving improved noise immunity,
however, integrating time and sampling time become

critical depending upon paticular data rate,
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7. FUNDAMENTAL LOCOP DESIGN

7-A. Application. - In this section, the design of phase-

locked AM receiver using Costas loop is discussed,
Consider the two-phase synchronous detection system
{Costas loop) as shown .in Figure 7-1[C 193, This is also
called I-Q ioop since this circuit uses two synchronous
detection systems here for in-phase (I-channel) and (Q-chan-
nel) quadrature detection. The mathematical expression of
this process is already shown in the previous chapter,

Basic operation of this system is as follows: with no
phase error, the VCO is synchronizéd with the ;’.nput signal and
the in-phase channel output will be desired signal while the

quadrature channel output will be zero, due to the quadrature

{

relationship of the corresponding VCC and the incoming signal
If a phase erro;r is present, the cutput signal will be reduced
with some amplitude, but otherwise no change will take place.,
the output of the quadrature channel shows some voltage, and

this voltage will be either in phase or exactly out phase

Mixer LPT ~ Amp. |- Output
(1)
4
- , . . - Phase
Input , vCo Filter Det.
|
90°
]
Mixer ’ )

Fige 7=1. AM receiver using Costas loop.
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depending uponrthe sign of the phase error. The output of
phase detector will produce d-c¢ voltage., After passing
through the low-pass automatic phase control (APC) filter|
this d-c voltage is applied to the VCC and thereby effectg
the necessary correction of oscillator phase angle.

The experimental receiver obtained by Chu 11 is
shown in Figure 7~2, This diagram is almost identical to
the Figure 7-1 except for the addition of an RF amplifier
to provide the RF sensitivity needed and a squelch cicuit
to eliminate the heterodyne whistle. The problem with this
type of system is obtaining a 90 degree constant phase
shift, The technigue he used here is to design two network
whose phase angles increase lineérly with the logarithm
of the frequency used. That is,

gl = C + log £ Qz = C 4 log Kf

ﬁl,§2 = C+ log K + log £ = C -~ log £

= K
o Mixer RC Filter Audio Power
o 1 & Amp. “|Squelch| 7| Amp.
t - ~
+45 —
' AGC
4
- t ,9
APC
Veo = Filter Det,
a3
+45°
i
et o _|RC Filter Threshold
o Hixer e Amp. Detector

Fig. 7-2. AM radio receiver,

47



where ﬁl = phase shift of network I

Figure 7-3 shows the network configuration and the

optimum relationships of the parameters must be found for
the particular signal band (for AM, 500 KHz te 1700 KHz),
By use of this phase shift, one can obtain a maximum devi4
ation of less than one degree over the AM frequency range,
The relaticnship of the parameters (all values inkilo-ohm

and pico-farads) are as follow:

gz = phase shift of network II,

volves

fion

Phase Shift I Phase Shift II
R2 = SRl R2 = 5R1 |
Ry = R,/4 Ry = Ry/4
Cl = 98.4/Rl Cy = 318.2/Rl
C, = €, /5 C, = € /5
C3 = écz ) C3 = 4c2
+e. . 1?1 Aywsl
in P
. o 1 ‘2 —
S T A N

N
i
w
w
Q

&

7-3. + 45 phase shift network.

Phase~Locked Loop Design. - The design of a PLL in-

desired stability. In this experiment, it is desired

Lihat the svstem have the following specifications: |

]

the determination of the type of lcop required, selec

of the proper bandwidth, and establishment of the
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output frequency 1.0 MHz to 2.0 MHz
frequency steps 100 KHz
lock-up time between
channels 2 ms
overshoot / 20 %
The forward and feedback transfer functions are given by
{see Fig, 7-4}:

G(s) = KK K, His) = K (7- 1)
where G(s) and H(s) are came from the servo theory. The
phase.detector,prodgces a voltage preporitional to the
phase difference between the signals Qi and @O/N. This
voltage upon filtering is used as the control signal for
the VCM (voltage controlled multivibrator). Since the VCM
produces "a frequency proporticinal te its imput volcoace
any time variant signal appearing on the control signal
will frequency modulate the VCM. The output frequency is

fo = Nf. during phase-lock, so that the programmable

cocunter divide ratio KN can be found by:
- —— A ) aan—n o
N oin = fo min = L1MHz = 10 (7~ 2)
£ 100 KHz
i
Nmax = fo mnax = 2 MHgz = 20 (7- 3)
£. 100 ¥KHz
i
4.(s) [Phase ] Filter VCM g (s)
e 1 K — X o
£, M , 7 v £
A ge(s) (o]
ﬂe(s) Programmable ﬁi(S) phase lnput
T Counter(+N) # (s) phase error
Fig, 7-4, PLL circuit parameters. . e
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KN = 1/10 to 1/20 (7- 4)
Removal of the programmable ccuntef produces unity gain ip
the feedback path (N=1), As. a result, the output frequency
is then equal to that of the input. If the type 2 system
is used, the transfer function become

G(s)H(s) = K(s+a)/s? (7- 5)
vwhere K is the loop gzin and a is the constant.

The root locus c¢ontour is shown in Figure 7-5. The
root locus has two branches beginning at the origin with
one asymptote located at 180 degrees. The center of gravity
is s=a: howeVerp-with only one asymptote there is no inter-
"section at this point. The root locus lies on a circle
centered at s=-a and continues onvall portions of the negd

ative real axis to the zero. The brackaway peint is s=-2a.

The operating range of the VCM must cover 1 MHz to 2
MHz. Selecting the MC4324 (Motorolal} VCHM control capacitoxy
according to the rule contained on the data sheet yields
C=100 pf. The desired operating range must be set at cen-
ter within the total range of the device. The transfer func-

tion of the VCM is given by

O\
N
/K:O

Fig. 7-=5. Twvpe 2 Second-Order root locus,

jw
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z(v = KO/S | (7- 6)
where Ko is the sensitivity in radians per second per volti,
From the data sheet, KO=11.2X106 rad/s/v.

Kv = ll.2X106/s (rad/s/v) (7- 7)

The gain constant of the phase detector (MC4344 from Moto-
rola 23 )} can be found from the data sheet and KM=O.lllv/

rad. Thus far, the parameters determined include K, Ko, Ky

K, leaving only K, as the variable for design. From (7-5),

F

one can relate

G(slH(s) = KMKQKNKF = K(s ; a) (7~ 8)
s s
then KF = 5 + a : (7- 9)

]

This is the exact form for the perfect integrator (see
{3-18)}, It can b2 shown that the active filter as shown

in Figure 3~2 will be able to simulate the (7-%5). K, now

becomes Ko, = R,Cs + 1 for large A (7-10)
Rle

The gain of the active filter is not infinite, a gain

correction factor Kc must e applied to Ko in order to

experimentally to be K, =0.5, Then (7-10) becomes

Ko = OQS(SZCS + 1 (7-11)

R1CS

The loop transfer function is

Cs + l)(KZX;) (7-12)

G(s)H(s) =(O.5KM R,
Rle
The PLL circuit Laplace representation is shown in

Figure 7-6. The characteristic equation takes the form




C.Eo =1 + G{sj)H(s) = 0
) )

- 0 - )
= s” + 0.5 K, K R,s + 0.5 KK, (7-13)
RlN RlCN
One can relate (7-13) by
2 X 2
s + 2 SWw.s + W (7-14)

Equating coefficients yields

5 ,
Efs KMEQ = W (7-~15)
RlCN
and
0.5 KyK R, = 23w, (7-16)
RlN

A W can be determined by the step response curve
shown in the data sheet [ 23]. From the step response curve
it is seen that a damping ratio = 0,8 will produce a peak
overshoot less than 20 % and will settle to within 5 % at
wnt=4¢59 The required lock-up time is 2 ms.

2.25%10° rad/sec. (7-17)

i

W, = 4.,5/0.002

From (7-15)

R,Cy = EL, KyK, (7-18)
W 2N
n
= D¢5(G.lil)(ll.2XlGG) = 0,00614
(2250)2(20)
(Maxzimum overshoot occurs at Nmax which is minimum loop
R,Cs+1
I _ Ko=_2 e 6 .
- 1 s

K, = 1
N 167%0 70|

Fig.. 7-6. Eguivalent block diaq:am of PLL,




gain) Let C = 0,56 Mf.

Then R. = 0.00614/0.56X10° = 10.96 K-ohms

1
use Rl = 11 k-ohms
R, can be found by (7-16)
R2 = 2 ‘jwanN = (2:w:§ 7 (7-19)
0.5K K n
M o
= 2{0.8) = 1,269 k-ohns

(0.56X107°) (2,25x10%)
use RZ = 1.3 k~ohns.

The loop was designed for N=20. The system response
for N=10 exhibits a Gider bandwidth and larger damping
factor, thus reducing both lock-up time and percent over-
shoot. The -3dB bandwidth of the PLL is given by

Woyap = w (14 2057 4 (2 + 432 4 a¥h/2 12 (7,50

= 2.25%105(142(0.8) %+(244(0.8)%+4(0.8)4) /%) /2
~ 4.91 KHz. |
for a type 2 second-order system (6],

The PLL circuit diagram is shown in Figure 7-7 and
the transient-frequency response of theoretical and
experimental results are shown in Figure 7-8.

Experimental results., - The curve N=20 illustrates the

frequency response when counter is stepped from 19 to 20
thus producing a change in the output frequency from 1.9
MHz to 2,0 MHz. An overshcot of 18% is obtained and the
output frequency is within in 5 KHz (5 mv) of the final

value one millisecond after the applied step. The curve N

=10 illustrates the output frequency change as the counterx
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is stepped from 11 to 10,

v (s
ce %11{ C--lOOpf
‘ .~_~
£, v ' R] llk It R%\r —T
. L &5 J56ME 1.3k
MC4344 RJ * 2HMC4324 6 A
32 L0—%— upses71 °
© 11k 0 N
» ) ok 7 -
i (P
| T { |
! 13103 44 L4730 f
' 12 MC54416 MC54416 a i
| 6 1 !
I !
' . i
; # N Programmable counter chain |
I__________’____._‘_‘_‘______________.____‘____J
Fig. 7-7. Circuit diagram of Type 2 PLL,
‘ - === Experimental
8§%§g;e - f7<ugm=20~7 — Theoretical
; " 7 i .
(volt=MHz} /N steéped from 19 to 20
1.9 7
T [T Step input
" b
1.1 \\$ stepped from 11 to 10
|
1.0 N
‘r | N ‘-10 2
0 0 0.5 1.0 1.5 2.0 Time (ms)

Fig.

7-8, Frequency-time response,




8. CONCLUSION

The phase~locked loop is a practical device for the
detection of digital and analcg modulated signals,
Compared to the purely coherent detector, its performance
is lower since phase reference is derived directly from
the noisy signal, It does offer the advantage of being
able to track a signal that changes in frequency due to
instability or doppler shift,

It éah be shown through the experiment that the
design procedure of PLL is straight forward. However,
each design must be an individual attempt to synthesize
the optimum networks for the given problem. Only after
this procedure has been completed may an evaluation of

the improved performance be determined.
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APPENDIX A SYNCHRONOUS DETECTOR AGC SYSTEMS
With the AGC device in Figure &-1, the AGC voltage
c(t) is given by

c(t) = C(p)[a(t) + (20 log ej=KDmi€tD 4+
. )

: g
20 log cos g(t) ~ Krjﬁ (a— 1)
where a{t) = 20 log A(t) (dBmvoitszﬁ
cl{t) = K oo
KA(1+KAGCY(S))
Kage = Kaeg®c

706 log o
and ¥(s) is the AGC loop filter and K_ is the adjusted
receiver attenuation with no AGC, dB.

The steady~state mean value of AGC voltage C is rela-

ted to-the input signal strengith a by

a = K + 20 K I v C %
ree (g‘) (CCG»M
g
(10 log e) 2 (dB-volts2) (- 2)
— 4 'r’)" — -
where K__ = K. + 20 log(KD/eg) and C(@) is p = @

At the steady-state a(t) becomes a and C(t) becomes
C. From (A-2), given C, one can infer a value of a.

The AGC voltage fluctuates with noise; its steady--

;Jié@sﬁwdt$§«ﬁ»)

PLL
x_(t) |yariable-gain [synchronous | e
o —~_~{Receliver Detector ; g
Gain=1l/A Achos(wbt+ & 2
Indicator C(t)»O(t))+n;(t)=x AGC.Ioop |

JAGC Amp, K_ 1
Fig. A-l, A synchronous-detectecr AGC.laap.
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state variance is given by Tawsworth.

var C = Ezo log e)z(Nowc)+ 2(10 log e)254 %]CZ(O)
a? v,

(A- 3)
where No = two sided noise spectral density, voltsz/cps

4% = the phase noise variance (3-11).

As the carrier signal level increases, the departure
from linear behaiver deviates due to deviation cf phase

detecter and non-logarithmic amplifier characteristic.
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